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PEEFAOE. 



attempting a revision of Jacob's 

tetaiDing-Wdls," it was soon found timl 

Bentire treatise would have to be rewrittCTi 

p bring it fully abreast with the times. 

i o\d theory that assumed the direction 

I the eailh-thrust as normal to the inner 

} of the wall, or as having in all cases 

keetion parallel to the top surface, boa 

» utterly exploded by every experiment 

i has been performed ; and it is hoped 

! time has arrived for its permanent 

rement. 

jl'hiBwork is divided into an Introduction, 

this direction of tlie earth-thrust 

s careful attention, and four follow- 

s, pertaining to reservoir- walls 

9 the theory of retaining- walls, developed 

actively by the graphical method, the 

ulytical method, and finally by the experi- 

Ul 




I method, leading ap, after ttie n 
CQMiOD of all experimeDts arailable, to 
"the practical designing of retaining-walls,'* 
Id the brief discussion of datns, the 
occasion is taken to develop certain well- 
knono elementary piinciples that are com- 
inon to retaining- walls as well as dams. 
la aubscquent chapters of this work a good 
ileal of new matter is given for the first 
time ; notably in the analytical theory of 
the retaining' wall, and ia the graphical dis- 
Ctiwtion of '- the limiting plane " in Chap. II. 
Tlie theory of the retaioing-wall has been 
deduce<), with the one assumption of a 
plane surface of rupture, from well-known 
mechanical lawsi Coulomb's " weilge of 
mnximum thrust" being incidentally proved 
in the coiti'se of the demon stratioQi but not 
assiiincil as a first principle. 

It is hoped that constructors will hail 
with delight the numerous experiments of 
hey^HK nnd others, discussed in the fourth 
Ghapt4-r, which lead to two semi- empirical 
methmla which can be confldently used in 
practice for the design of retaining- walls. 
, The priiclical tables giveu iu this chapter 



are for the first time published in this coun- 
try, and they are believed to be of great 
value. 

The aim of the author has been to prepare 
a treatise which should serve, at the same 
time, as a text-book for our engineering 
colleges, and as a manual for the practical 
engineer ; and he trusts that he may have 
succeeded passably well in carrying it out. 

Wm. Cain. 

Chablsston, S.C, May, 1888. 
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PRACTICAL DESIGNING 



JETAINING-WALLS. J 



INTRODUCTIOS. 
1. The retiiiiiing or revetmeDt wall is 
generally a wall of maaoury, intGBcled to 
support the pressure of a mass of earth or 
other material posaesaing some fricliond 
stahility. In certain cases, however, as in 
doek-walla, the backing or filling — as the 
material behiod tbe wall is called — is liable 
to become in part or wholly saturated with 
water, so that the subject of water-press in-e 
lias to be considered to complete the inves- 
tigation. In cases where the filling is de- 
posited behind the wall after it is built, the 
full pressure due to the pulverulent fresh 
earth or other backing is experienced ; and 
liie wall is designed to meet such pressure, 
with a, certain factor of safety, as near as it 



M 



can be ascertained. la time the i 
lieeomea more or leas consolidated by the 
settling duG to gravity, vibrationa, aud rniiis, 
from the coiD|jressibility of the material, 
which thus bringa into action those cohesive 
and ctiemical nfflnities ^hich manufacture 
solid clays out of loosely aggregated mate- 
rials, and often causes the bank eventually 
even to shrink away from the wall intended 
to support it, when, of course, there will be ' 
no presaui-e exerted against the wall. 

2. Where a wall is built to support the 
face of a cutting, the pressure may be 
notliing at first, but it would be very unwise 
to make the wall much thinner than in the 
preceding case ; for it is a well-iinown fact 
of observation, that incessant rains often 
saturate the ground of open cuttings to 
snch an extent as to bring down masses of 
earth, whose surface of rupture is curved, 
being more or less vertical at the top and 
approaching a cycloid somewhat in section ; 
tlie surface of sliding being so lubricated 
by the water that the pressure exerted hori- 
zontally by this sliding mass is even greater 
than for dry pulverulent materials. It b. 



in fact, on this apconnt, 03 well as from the 
force exerted 1iy water in freezing, aiul from 
the disturbing influences caused by tlie 
passage of heavy trains, wagons, etc., which' 
set up vibrations that lower the co-effleient 
of friction of the earth, and besides adcT 
eonaiderably by their weight to the thi'ust 
of the backing, that a factor of safety 
gainst opo^turning and sliding of the wall 
is introduced, which factor in practice geu- 
ernlty varies between two and three wlien 
the actual lateral pressure of the earth is 



considered. 
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S. It is stated that retaining- walla in- 
Canada require a greater thickness at the 
top to resist the'action of froet than farther' 
south where the frost does not penetrate the 
ground to so great a depth. Again, if the 
strata in a cutting dip towards the wall, 
with thin beds of clay, etc., interposed that 
may act as lubricants when wet, tlie presa- 
ure agaiust the wall may become enormous ; 
or if fresh earth-flUing is deposited upon an 
inelined surface of I'ock. or other impervious 
material that may become slippery when the' 
wuter penetrates and aceomulatcs- at itsaaF' 



nFoce, the pressure may become mach greater 
D that due to dry materials. It is found. 
too, tbat certain clays swell when exposed 
to the air with great force ; others, again, 
remain unchanged. In all such exceptional , 
cases tiie engineer mast use his best judg- ' 
ment after a careful study of the materitd 
he has to deal with. The theory and 
methods used in this book will not deal 
with such exceptional cases, but simply with 
dry or moist earth-filling supported by good 
masonry upon a firm foundation ; and it ia 
believed the theory deduced will be of mate- 
rial assistance to any one who may have to 
deal with even very exceptional conditions, 
or, as in the case of military engineers, with 
the design of revetment- walls partly as a 
means of defence. 

4. When a retaining- wall fails, it la not 
generally from not having sufHcient section 
for dry backing properly laid (in layers 
horizontal or inclined downwards from the 
wall) , but because the earth has been dumped 
in any fashion against the wall, and no 
gireep holes" have been provided to let 
I the water tbat is sure in time of rains to 



stttnmtG the bank. If to thia ia added bad 
masonry, and n yielding fouudation, or one 
liable to be washed out, the ftnal destruc- 
tion of the wall can be pretty confidently 
counted on. 

5. The following little table of weights 
and angles of repose of varioua materiala 
used in construction may prove of assistance, 
bat in any actual case the engineer should 
determine them by actual experirneut : — 





WpL«hl perCnbtc 


Angle of 


Water .... 

Mud 

ShiDsle, gravel . 
Clay .... 
Gravel anil earth, 
Settled iia.nh . . 
Dry Band , . , 
Damp aand . . 

Marl 

Brick .... 
Mortar. . . . 
Brickwork . . 
Masonry . . . 
Sandatone . . . 
Granlle . . . 


62.4 
102. 
eO-10«-120 
120 
126 
120-m 

m 

120-128 

100 
90-135 
80-110 

no 

110-IM 
1.S0-I57 
104-172 



0-? 

21'"-.^r> 
34" 



We may assume generally, as safe values 
for brickwork, UO pounds per cubic foot; 



and for vatla, ODe-balf ashlar and OQe-ltalf 

rubble backing, of graoite 142 pouuds, aud 
of aaadstoDG 1'20 ]X)ui)ds per cubic foot, 
tliough the last two values Me genetaUy 
exceeded. For oi'diuary earth or sand filling 
tlie angle of repose can be taken at one aud 
one-half base to one rise, or a slope ,Qf 
33°42' with weights per cubic foot varying 
from 100 to 130. 

It is always advisable, where practicaUe) 
to put a layer of shingle next the wall, and 
to consolidate the layers of the filliug by 
puuuiug or other Tueaus,90 as to reduce. tbe 
natural slope as much as {Xiasible. 

With a well-built wall, designed aftei 
methods to be given ; having a good foun- 
dation-course, larger than the body of the 
wall, to better distribute tbe pressure, and 
resist sliding, and backed as described ; with 
weeping holes near tbe Ixittom at iotervals, 
— there should be no fear of failure under 
ordinary conditions. 

6. It would take us too far to enter into 
the history of tbe tbeory of the retaiaJDg- 
walb On this pointsee an interesting article 
by Professor A. J. DuBois in the ''Journal 




of the Franklin Institute" for December, 
1879, on "A New Theory of the ReUiniug- 
Wall." In this woi-k three metliods will be 
developed and tested by the experiments 
recorded. Two of these methods are 
fonndeii on the recent extended experi- 
meats of Leygue ("Anoales de« I'onts et 
. Clisuast5es" for November. 1885) and 
Others, mid the tliii-d is deduced hy aid of 
the ineoliauical laws of stability in a. granu- 
tur moss. 

7. In case a wail moces forward, how- 
ever little, or there ia settling of the earth 
behind it, the earth generally rubs against 
the back of the wall, thus developing fric- 
tion. There are, however, certain inclina- 
tions of the bacit of the wall that will be 
specially examined in articles 28-31, for 
which the earth sooner breaks along some 
interior plane, in its mass, than along the 
wall, 80 that a certain wedge of earth will 
move with the wall aa it overturns or 
tends to move. For all other cases, which 
itielnde nearly all the cases in practice. 
there will be rulibing of the enrth against 
the wall, so that the earth-thrust ftgaiust 




the wall must be Haaumed to make, with 
the noi'mal to the wall, au angle equal to tlie 
co-efficient of friction of earth on wall, 
nutess this is greater than for eai'th oa eartb. 
In which case any slight motion of the wall 
forward will carry with it a thin layer of 
earth, so that the rubbing surfaces are ttioae 
of earth on earlh. i 

8. These sup^xisitions arc found to ^r«e 
with experiments. The old theory that 
assumed the earth-thrnst as normal to the 
back of the wall, or, as in Kankiue's theory, 
always parallel to the top slope, does iiot bo 
agree, and, io fact, often gives, for walls 
at the limit of stability, the computed thrdat 
as double that actually exjicrienced. The 
true theory, therefoie, includes all the fric- 
tion at the back of the wall that is capable 
of being exerted. This friction, cortibined 
wil^ the normal component of tlie thrust, 
gives the resultant earth-thrust inclined 
below the normal to the back of the wall at 
the angle of friction to this normal.' 
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S. Ronkine's assumption that the direc- 
tion of the eai'th -thrust is alwayn parallel to 
the top slope applies only to the case of an 
Imaginary incompresmhle eai'th, bomogene- 
ona, made up of little grains, possessing 
tlie resistaut^e to sliding over each other 
called friction, but withont cohesion ; of in- 
deflnite extent, the top surface being plane ; 
tlie earth resting on an incompressible foun- 
dation, or ouc unifonnlj compressible, unci 
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rtjeiug subjected to no external force but it» 
ri weight, 

For such a materiiil, the only pressure 
which any portion of a plane paiallel to the 
top slope of greatest declivity can have to 
sustain is the weight of mnterial directly 
above it ; so that the pressure on the platffl 
is eveiywhere uniform and vertical. If we 
now suppose a parallelopipedical particle^ 
whose upper and lower surfaces are plaUes 
parallel to the top slope, and bounded on 
tiie other four sides by vertical planes, we 
see that tlie prcsaures on the upper and 
lower surfaces are vei-tical, and their differ^ 
ence ia equal, opposite to, and balanced by 
the weight of the particle. It follows that 
the pressures on the opposite veitical faces 
of the particle must balance each other 
independently, which can only happen when 
they act parallel to the top surface, in which 
case only are they directly opposed. The 
pressures, therefore, on the two vertical 
faces parallel to the line of greatest declivity 
will be horizontal ; and on the other two 
faces, parallel to the line of greatest de- 
clivity. This is Eankine's reasoning, and 







sound for the material and coDditiooB 
asBuined. It is likewise applicable to n 
Uftteml of the same liiucl, ouly compreasibte. 
pVQTided we suptiose it deposited, as snow 
{alls, everynbere to the same depth, on an 
absolutely iacoiiipreBsible, or a uniformly 
OompressiljSe, plane foundation, parallel to 
the Hltimale top slope of the earth ; for then 
tbe oompression is uniform througliout the 
mass, and does not affect the reasoning. 
But if we suppose, as usually happens, that 
tbe foundation is not uniform in compressi- 
bility, then the earth will tend to sink where 
it is most yielding. This einking is resisted 
t(va certain extent by the friction resulting 
Awn tbe thrust of the earth surrounding the 
falling mass, so that much of its weight is 
transmitted to the aides, aa actually happens 
i|X the case of fresh earth deposited over 
0miiia, culverts, or tunnel linings which 
afSttle appreciably. In the case of a tunnel 
driven through old ground, Aiost if not all 
tiie weigtit of the moss above it is trans- 
Hutted lo the sides ; at least, at first, before 
tbe timbering or masonry is got in. Again, 
"ilf ithe mass of earth is of variable depfii, 
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even on a firm foundation, the m&ss i 
greatest depth will sink most, thua trana- 
mitting some of its weight to the aides, i 
that throughout the eucire masB the pFes»i 
nre is nowhere the same at the same deptl 
The vertical pressure over 4 
drain or small culvert crossing an ordinar] 
road embankment is leaa, too, for anothei 
reason, where the embankment i 
The earCh-thrust on a vertical plane, paj-alle 
to the line of rood, is horizontal for a sym 
metrical section when the plane bisects thai 
flection. On combining this thrust with tht 
weight of the materia! on either side, 
see that tlie resultant load on the culvert 1 
removed farther from the centre thaa i 
there was no horizontal thrust, 
aceouut of this tendency to equalize p. _ 
ni-e by aid of the friction resulting from t 
eai'th-thmst, that sand, when it can be coi] 
fined, is one of the best foundations, wheth^ 
in maaa or in the form of sand piles 

10. In the case of earth deposited behin 
■ a retaining- wall on a good foundation, tl 
, settlinf! of the earth will generally be greati 
I that of the wall, so tbat the earth ml 
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a^inst the wall, giving generally the direc- 
tiou of the thi-ust do longer indlued, eveu 
a,te\y parallel to the top slope 
pt when the liitter is at the angle of 
b), but making with the norma! to the 
t the wall an angle downwards etjiml 
angle of friction. If tbi^ widl should 
nore than the filling, the thrust would 
have a tendeocj to be raised above 
tUs normal. But if such a thrust, when 
combined with the weight of the wall, passes 
ontside of the centre of the base of the 
wall, the top (^ the wall will move oviir 
elightly, the earth will get u grip on the wall 
in the other direction ; so that it is plainly 
hnpofisible for the wall (for usual batters at 
least) to overturn or slide on its base, with- 
oat this full friction, acting downwards at 
the back of the wall, being exerted. Hence 
&tB theory which supposes it is safe ; for 
although it is possible that the earth may 
make the effort at times to exert the full 
thnist given by Rankine's formula, yet this 
SffoFt is suppressed inataiaer by the external 
loree now introduced by the wall friction, 
Miieh force was expressly excluded from 
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Raukine theory. The exceptions to 
lis iiile will be noted ia article 31. 

Weyranch'a objections to taking the 
thrust iucliued at the angle i^' of friction 
to the normal sre easily met. He eaye, 
Take a tuniiel-ai'ch ; and if we suppose the 
pressure, aa we go up from either side, to 
make always the angle </>' with the normal, 
1 we shall have at the crown two differeirtly 

^^^Pdirected presHures : similarly for a horizon- 
^^^Hlri wall with level-topped earth resting on 
^^^n. If there is no I'elative motion, or ten- 
^^^B^cy to motion, the thrust in the latter 
^^^^Bse is of course vertical, and in the former 
^^Bb' probahly vertical at the crown and in- 
^^^^clined elsewhere; but if the arch or wall 
moves, and there is rubbing of the earth 
on the masoniy, there is nccussai'ily friction \ 
1 eserted ; so that the thrust at any point can \ 

I have but one direction, making the angle <f,' ■ 

with the normal. 

12. Mr. Benjamin Baker, in his paper 
before the Institution of Civil Engineers, |i 
on the " Actual Lateral Pressure of Earth- j 
work" (republished by Van Nostrand as 
"Science Series," No. 36), tested an old 
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theory (where the earth-tbruet was assumed 
to act Dormal to the tvall) by tlie results 
of esperimeuta, ami found the theoretii-al 
presKure often double the actual. In the 
(liaoussion wliich followed, not a single 
eugioeer so much as allntied to a truer 
theory vrbich uasutnes t!ie tiue direction of 
tlie eai'th'tliriist, and has been knonu and 
used, just across the channel, since the 
time of Toncelct. 

The writer tested this theory by manj' of 
the experiiueiita recorded by Baker and 
aome others, and found it to agree, within 
certain limits, remarkably well (see " Van 
Noetiiuid'a Magazine " for February, 1882). 
These results have been carefully revised, 
and new experiueDts included, in the table 
given farther on, from which the reader 
OEtn form a fair estimate of the theory as a 
working theory witliiu certain limits that 
will be indicated. 

The reader is referred, however, to Mr. 
Baker's essay, not only for experiences 
under ordinary conditions, but for those 
exceptional cases which seem to defy all 
mathematical analysis. In fact, the en^- 
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neer almost invariably has to asanme the 
weights of earth aud maaooi^, and angle 
of repoae of the earth. Where there i» 
water, the conditions one day may be very 
different from what they are the next, 
especiaUy if the foundation is bad, as often 
happens ; in which case the wall will move 
over simply on account of the comprea- 
Bibility of the foundation, so tliat it haa 
perhaps nothing like the estimated stability. 
For all such cases an allowance must be 
made over the results given for a firm 
foundation, etc., as to which no rule c&n 
be given. 

As water often saturates the filling, aod 
perhaps gets under the wall, we must con- 
aider, in certain cases, water- pressure in 
connection with the thrust of the backing. 
Therefore, a shoit chapter on reservoir- 
walls, or dams, follows, in which many of 
the principles that must likewise apply to 
retaining- walls proper are given. 



CHAPTER I. 

KE SERVOIR-WALLS. 



r 

^^^M8. The desiga of reservoir- walla \a a. 
^^^■bject that has received ttie uttcotiou of 
■nan; eogiaeers and uathematiciitDs ; but 
they ai'e by uo meaus agreed, except in a 
general way, upon the precise profile that 
is best to satisfy, as uniformly as possible, 
the requiremeots of strength and stubility. 

We shall very briefly, and by the shortest 
means, point out the main principles of 
design of a dam that resists overturning 
or sliding by its weight alone, and is called 
a gravity dam, in contradistinction to one 
built on a curve that requires the aid of 
arch action to render it stable. 

Let Fig. 1 represent a slice of the dam 
contained between two vertical parallel 
planes one foot apart, and perpendicular to 
fi faces, 
rhen the dam is large, a roadway is 



generally built on top, so that the faces jfcs 
and gi are vertical or nearly so for some 

distance down ; after which ttie pro&le is 
designed to meet certain requirements, to be 
given preaenliy. Let us suppose that the 
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dam has heen properly designed down to 
the horizontal joint rf/, and that the weight 
of the poi'tion ftbove rf/ equals W-y, regard- 
ing the weight of a cubic foot of maaonry 
as 1, and that its resultant cuts the JoiiA 
ty at the point o. 
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To design the part fubd below df by & 
rapid though tentative method, we must 
first assume the slopes db and fa corre- 
spondiDg to the depth dc; then compute the 
areas of the triangles bed and afe, and of 
the rectaugle feed. The distances of the 
centres of gravity of these areas (which 
cepresent volumes) from the point ft are re- 
spectively ^6c, 6e 4- ^ae, and be + ^ce. Ou 
naultipiying each area by ita eon'espond- 
ing arm from b, adding the product 
Wi X (Be + 3o), and dividing by the sum 
of TP, (which equals tffe area of gkdf) 
and the portion added fabd, we find the 
horizontal distance bw, from b to where the 
reanltant of the weight atioye joint ab cuts 
tbia joint. Its amoimt Wis equal to the 
sum of the areas {W^ + abdf), and we 
have only to combine W acting along the 
vertical thi'ough m, with the horizontal 
thrust II of the water acting on the face 
kidb, to find the resultant R on the joint, 
and the point n where it cuts that joint. 

There is a vertical pressure of t,he water 
TO the part sdb; but, as it adds to the 
stftbility, it 19 generaUy neglected, particu- 



s the inner face is gootrally nearly 
rertical. 

14. Tlie borizontal preBsure of the water 
H for the height ft, by k-Dowa laws of 
meobunics, is equal to tbe area A x 1 mul- 
tiplied by the depth of its centre of gravity 
- below the surface of tbe water, and by 

tbe weight, of a pubic foot of water «, 
where a cubic foot of masonry ia taken BB 
the unit. This pressure acta horizontally 
at ^7i alcove tbe jt^nt aF, so that its momettt 

Ihbout the point n where the resultant S 
Uom 
"W > 
equa 



B the base ab is h.; 



loment of W* about the same point fa | 
As these two moments must be' 
pequal, we find the distance !>elween tiie i 
resultant pressures on joint aU for reservoir 
empty and reservoir full, 
_ ASM 



mn = 



^M 
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The above ia sabetantially ooe of the metllodB 1 
adopted b; Consulilng Engineer A. Fteley \a Uie , 
design of the proposed Quaker Briilge Dam, See i 
hie ialerestlng report, and that of B. S. Chuidi, ' 



eldef engineer, irttb man; diagrams of existing 
dnmBOf large proportions, in " Engineering Newa" 
for 1S88, Jan, 7, 14, Feb. 4, 11; alao tbe discus 
eionB by the editor in the numbers for Feb. 4 
2G, and Mareb 3. 



15. There are three well-known condl- 
tioos. lliat niiist liold at any joint if tiie 
profiles Jh aud 35 have beeo designed 
correctly : — 

let. The points ni and n where the re- 
snltButs for reservoir empty or full cut the 
base aS must lie witliia tJie middle third of 
the joint or base ab. 

2cl, The unit pressures of the masonry at 
the points a or b must not exceed a certain 
safe limit. 

9d. No sliding must occur at any point. 

18. The last condition* is evident, aud 
requires that H < H^ where / is the co- 
efBdent of friction of masonry on masonry, 
the adhesion of the mortar being neglected. 
If (^ is the angle of repose of masoniy on 
naaonry, / = tan ^, and we must always 
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< tan A \ 



that ia, the resDltant R must never miHa 
witb the DoriDal ta the joint an angk 

greater than the aDgle of friction. In fact, 
in practice, we should employ some f&oUtT 
of safety as 2 or 3, so that iH or Sff should 
always be less than Wf. This third con- 
dition is of supreme importance at the 
foundation joints of docli-walla. which fail 
(when they fail at all) by sliding from 
the insufficient friulioD afforded by the wet 
fonndatioQ. For oi-dinary retain ing-wnlla, 
too, the foundation should, when practi- 
cable, be inclitied, so that It shall make » 
small angle with the normal to the btise. 
In all cases, deep foundations are to be 
preferred, as the earth in front of the VftU 
tesists the tendency to slide appreciably. 

17. We shall now proceed to give k 
reason for the first condition above, and 
likewise deduce a formula to ascertain Ibe 
imit stresses at the points a and b. 

If wc decompose the resultant A at the 
point n, distant u = an from a (Fig. 1), 
into its two components H and W, the 
former is resisted by the friction of the 
Joint, and will be neglected ia computing 
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the Btresaes at a and 6, though it doubtless 
affects them in some unknown manner. 
The remaining force W, acting vertically 
at n, must necesaai'ily cause greater press- 
ure at the nearest edge than elsewhere on 
the joint, at least when the angle at a is not 
too aeut«, and the dam is a monolithie 
stnictnre. For large dams huilt of stones 
in cement, it is likely that there will be 
greater pressure at the middle of the hase 
than in a monolithic ati-ucture where the 
resistance to sliearing or sliding along ver- 
tical planes is much greater than in a wall 
made np of many blocks, particularly if 
they are laid dry. But it is probably best, 
until experiment can apeak more decisively 
on the point, to assume the pressure great- 
est at the toe nearest the resultant, and as 
given by the following theory : — 
Call I = length of joint ab 

u = an ^: distance fiBm R to near- 
est toe ; 
then if we anppose applied at the ceutre of 
the joint two vertical opposed forces, each 
equal to W, it does not affect equilibrium. 
We cfui fiOH suppose the force W acting 
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I doirnwarda at the centre to be the resnltant 
. uniformly distributed atresa p^ =-r, 

sbowu by the little arrowa just below jcnnt 
oS; aud that the reniaitiing forces W, one 
at the centre and one at n, acting io oppo- 
site dit'ectioDS, and constituting a couple, 
whose momenf is W {^l — u), cause a. ani- 
formly increasing stress, as in ordinaiy 
flexure (showa by tbe little arrowa bdOV" 
the first), whose intensity at a or & iB t^' 
known laws, 



Pi 



_ My 



I V M^^ P 



Tbe total stress p at the nearest toe O i» 
therefore the sum of p, and y,, and is i 

pressire. 



';i- 



m 



The stress at 6 is of course p, — Pj, when 
' ,this is not minus indicating tension, ui 
the joint can stand the tension requirecl 

e call m' the distance from n to 
farthest toe, i.e. u' = nF, we have the 
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mtof the two weights W= W(u' - -Jt). 
On substituting this value for W{\1 — u) in 

e value forp^ above, we find for the unit 
ft at ^ the identical equation (1) abovei 
IKDrideil wfi replace u by u'; so that the 
equation la general, and applies to either 
toe, if we only substitute for u the distance 
of the resultant from that toe. The stresq 
ift distributed, as shown by the lower set of 
arrows in Fig. 1, where there is only com- 
pression on the joint as should always 
obtain. The stress is thus uniformly in- 
creasing from the right to the left. If the 
limit of elasticity Is nowhere exceeded, it 
follows tiiat a plane joint before strain will 
remain a plaiie joiut after strain, as must 
undoubtedly be the rule for single rectangu- 
lar blocks. 

Referring to equation (1), we see that if 
we replace m by m' = J?, that the stress at b 
is zero, from which point it increases uni- 
formly to a, where its intensity, for u = ^l, 

iap= 2—, or twice the mean. For greater 
values of u' than |/, the stress at b becomes 
tensile, which is not desirable; hence tlie 
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I for condition 1 above, that the re- 
sultaut sbould lie vithin tlie middle third 
of the Joiut. 

If the joiat cannot resist tension at all, 
and R strikes outside the middle third, the 
Joint will bear compression only over a 
length Sit, and the maximum inteualty at 
a is now 2 — , This is evident, if we Utifii 

3(! = I' as the length of joint, and eul^sti- 
tute this value for I in formula (1). There 
is now no presBure at the distance Sti = i* 
from the left toe by the previous r^asomng 
for the original joint I, and to the right of 
that point the joint will o|>en, or tend to 
open. It is evident for full security tliat 
the resultant should strike within the mid- 
dle thii'd some distance to allow for ooa- 
Ungeucies. 

18. Having computed the unit pressure 
at the nearest toea for i-eaervoir full or 
empty, condition 2 requires that tlteae 
r pressures do not exc<^ certain limits : ia. 
case tliey do, the lower profiles have to be »• 
vised, and the compulation above repeatjod* 
until all the conditions are satisfied. 
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In the proposed design for Quaker Bridfre 
Dam, maximum pressures per square foot al llie 
tow, at the base, were llmiiei) to 30,S2ii lbs. at 
the back, and 33,206 lbs. at the face; these 
preBsnres diminishing gradually to one-half to 
within about 100 feet from the top, the total. 
lieight of dam from the foundation being atl5 ■ 
feet; tlie argument being that the lower pans. 
could stand more preaaure than the upper parts ■ 
Bbortiy after coustructlon, on account of the- 
cement tUere attaining a greater strength, Be- 
ridM, tortilla unprecedented lieielitofdam,lo 'keep- 
the lower pressures within more usual limit*-'*!! 
wouU. be necessary to spread the lower parts in 
an Impracticable manner, and to incliuetbe slopes 
to an extent Incompatible wilU strength." 

It U evident that by this method of' design 
there is no fixed rule by which any two eomputera 
could arrive at the same profile, having given the 
Bp|)er part empirically, sufUcient in section to ' 
carry a roadway, and to resist the additional 
stresses due to the shock of waves and ice, at a 
tlnie, too, when the mortar is not tally set. 

Snch a rule Is most easily Introdaced by 
raqtiifing a certain factor of safety against over- 
turning, and, moreover, that the factor of safety 
against sliding alongany plane shall not fall below 
a certain amount. It is suggested, however, that 
the factors of safety should Increase from t 
foundation upwards, to malie tlie section equt 
strong everywhere against overturning, 



Allnwance le made for tbe effects of wind aod whve 

action, lloatiug bodies, ibe e:ipansive force ol 
ice, or parhaps the malleioits use of dynamite. 
U this is a<tmitted, <t would aild one more ctm- 
dltlon (4) to the three previously stated, and 
nould secure greater uniformity in design. See 
Appendix. 

As lo the unit pressure test (condition 3), it 
■lust be observed, that we know lii.lle or notjiing 
>s to wliat limit to impose; for not ool; Is the 
■tress al] dead load (which would allow of hl^ier 
lUnil stresses), but the unit reaistiince of mMomy 
in great bulk is undoublecUy much greater than 
in small masses (not to speak of tests on. smoU 
■pecimens as a criterion), since the shearing oS 
which follows, or ia an incident to, crushing cajt 
liaidly occur iu the interior of a large moss of 
masonry. 

Y Id. We shall flnd in tbe end, that, ftjt 
difforent format of rctainiiig-wiills to suettia 
earth, thai a factor of safety of nbout 2Jfr 
agaiDBt overturning ia highly desirable, aoA 
that it will generally satisfy the midcHe tliil!d 
limit. Iu such walls this factor must bs 
introduced to provide against au BCtoid 
iucrease of the earth-thrust, due to waleiv 
freezing, accidental loads, and a)x}ve '^^ 
to the tremors caused by iiassing trains or 



ides (if these are not conBidered aepi^" 
ra4ely), which it ia well-kuown have causetl, 
by increased weight, aud the increased 
pressure due to lowering the natural slope, 
a gradual leauiug and destructiou of wails 
, of cousiUerable stability for usual loads. 
In a very high dam this is different: 
the pressure rarely changes but little, ex- 
cept on the upper iX)rtion8 ; so that, if such 
conditious were to holtl indc finitely, the 
limiting uuit stresses should control the 
lower profile njore than a factor of safety 
gainst overturning. But, as pointed out 
by the editor of "Engineering News" (in 
' the issues above referred to), a dam on 
I which the fntc of a city may ultimately 
depend sltOuld be designeil, as far as jkis- 
[ silile, to I'esist earthquakes also. For that 
I contingency, there is a reason for the factor 
I' of safety against overturning and sliding 
I bang as great as possible throughout ; and 
, by putting the gravity dam in the arch 
form, couvex up stream, the resistance to 
earthquake aud other shocks is enormously 
increased. 
I 20. We have now given the general prin- 
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ciplee that abould guide io the dcBiga of 
dams, which likewise apply in the design 
of retaioing-walls proper, where, bowevOTi 
the height is raiely suQicient to call for 
much, if any, chuuge of profile, and Uie 
' maximum pressures are usually far witliio 
safe limits when a proper factor of eafetj 
agamst overturning or sliding has been 
introduced, which satisfies likewise the eoa- 
dition that the i-esultant sbatl cut the baae 
within the middle Dtlrd. We of cohim 
have, as stated l>efore, the direction of Usa 
earth-thrust inclined below the normal to 
the wall at the angle of friction ; otherwise, 
tbe methods above are applicable when t!H 
value of that eailh-thrust has been detei- 
mined. For dock or river walls, saturated 
with water, we must conibiue the wate|> 
thrust with the earth -thrust. 

If we 8upix>se the filling of gravel, the 
water Hurroundiog each stoue allows free- 
dom of motion ; but llie weight of tbe sotfA 
stones of the filling must now be taken lifB 
than when iu air, by tbe weight of an eqml 
I volume of water, or at the rate of 68^, 
per cubic foot (or say G4 for BiUt 




* *rab>r^. 
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*ater^, and tlie earth-tliruat then fonnd 
for the augle of repose of atony lubricated 
with wiiWr. Thus, if the weight of the 
solid Btone he 150.4 lbs. per cubic fool, 
and the voids are thirty per cent, the weight 
of solid stone in water is 88 lbs. per cubic 
foot, and that of the filling 88 x .70 = 
61.6 lbs. in water, although it was 105 in 
air. 

If the wall is founded on a porous 
stratum, the weight of the masonry is aina- 
ilarly reduced by C2.4 lbs. per cubic foot, 
or say oue-half oi'dinarily ; but if tlie 
fonodiition Is roclf or good clay, "tliere is 
iiO' nioi-e resison wliy tlie water should get 
tilider the wall than it should creep through 
any stratum of a well- constructed masonry 
or puddle-dam," as Mr. Baker has ob- 
served. 

if the water cannot get in behind the 
wall, the water in front only assists the 
statrility. 

It has been previously observed that 
sliding is principally to be guarded against 
in dock-walls and othera similarly situated, 
which can only be done by a sufhcieut 



weight at masonry iiTes|"ectire of its shape, 
uiilt'as the foumlatioD b inclined, nbich 
. tven in the case of pUiug has been effected 




by driving the piles obliquely, of conne 

OS nearly at right angles to the resultant 

preaanre as is practicable, 

K Fig. 2 represents a wall with a < 

^■■tter, in brickwork with radiating c 
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' that might be uswl for a quay or river-wall. ' 
or a sea-wall, as ships ean l-oric L-loser to 
the fariak thaa in the case of a straight 
batter ; besides, for sea-walls it resisU the ' 
action of the waves better. The centi-e of 
gravity can be found by dividing tbe cross 
section U|> into approximate rectilinear 
figures, auct proceeding as in finding tbe 
position of IT in Fig, 1. Its position is 
a little farther bacif than for a straight 
batter, wliieli adds to its stability. But it 
is difficult to cont^truct, the joints at the 
back are often thicker than is advisable, 
aod there is probably no ultimate economy 




CHAPTER n. 

TBEORT OF RETAINlNB-WAIia, ' 

Grnj'himl Method. 

- 21. Is tbe theory of earth- pressure Umt 
tllloirs. we shall cousider the earth 
iDogeneous, compressible mass, made up 
particles possessing the resistaooe to 
jllidiug over each other eatlert friction, ^ok 
trithout cohesion. This ii 
tefinition thau the one that Rai&iiie'a 
pieoiy calls Tor (see Art. 9), and is more 

; to nature; the only approximation, 
fact, consisting in neglecting cohesion, if 
we consider a homogeneous earth like mr 
sand. ^ 

Let Fig. 3 represent a vertical section Q^' 
a retaining-wall ABCD, backed by eartb, 
whose length perpendicular to the plane <rf 
■ the paper is unity. 




^Miimption. We aasume that the earth 
behind the wall, whether the top surface is 
a plane or not, haa a tendeocj to slide 
along some phme eurfate of ruptui'e as 



earth I 




No proof IB given of this assiimptiou, so 
that it can onl; be t«sted by experiment ; 
but for tlic present we shall adopt it. 

In connection with the hypothesis of a 
plane surface of rupture, we shall use only 
ooe principle of mechanics relative to the 



ibility of a granular maas, 

by Rankine as follows : — 

It is necessary to ike stability of 
granular mass, HuU the direction of tAe 
pressure betieeen the portions into which it 
is divided by any plane should not, at anj/ 
point, malce tiiiih the noitiial to that plane 
0»l angle exceeding the angle of repose. 

This principle will alone enable 
ascertain the earth-thrust i^ainst any plane 
without resortiug to a special pnnciple, 
like Coulomb's " wedge of niasdniuia 
thrust," which last, however, will be in- 
cidentally demoDstfiited as a conseqaence' 
of the above taw. 

22. In Fig. 3, let us consider . t4t?^ 
triangular pt'iama CAO, CAl, . . . 
sliding down their bases 



Al 

If AF is the natural slope of the earth, 
the tendency of the prism CAF to slide 
along AF is exactly h.ilaneed by frictioQi 
as is well known. But if we conaidqr 
other possible planes of rupture, lyi^ 
ahove AF, as ^10, ^ll , . . ■ , we see, un 
the wall offers a resistance, that sliding 
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along some one of these plaoea maat 
occur ; bo tliut tiie earth exertB au actiee 
thnist agiiiDSt the wall, wliich must l)i- 
reaisted by it; otherwise, ovurtu ruing or 
slidiDg would eDsue. 

In case tlie wall is subjected to a thrust 
from left to right, sis from earth, water, 
etc., aetiug on BD, and this tlirust is 
aillHcient to more thau counterbalnnce the 
active thrust of tlie earth to tlie right of 
the wall, it will bring in tlie passive 
resistance of the earth to sliding up some 
plane as 32, and the surface of i-npture 
will HOW resist motion ui>wurds, in place of 
do WD wards as liitherto. 

In the first case, of active thrust, where 
the prism is just on the ])oiiit of moving 
down the plane, we liuoiv hy met-lianics 
tiiat the resultant pi'essui-e on the plane 
of rupture makes an angle <ft of friction of 
etath on earth with the normal to thiit 
ptane and directed below the normal ; iu 
tbe aecond case, of passive thrust, the 
direction of the pressure lies above or 
nearer the liorizontal than the normal, and 
nukes the angle with the \atlct. 



. In the i5rat case, where the *ftU 
.teceivee only the active thrust of the prieiB 
of maximum thmst, let us call O (Fig. 3) 
the weight in pounds of this prism ; S tlW 
I'eaultant pressure on the surface of rupture, 
making an angle i^ with the normal to that 
plane below the normal ; aud E the resultant 
earth- pressure on the wall, which (except 
for cases to be noted in Art. 31} makes a 
I'ftngle (f of friction of eaith on wall with 
^^the normal to t!ie wall below the normal, 
i' > 0, in which eaae a thin layer 
5&f earth will go with the wall, in case of 
ftlative motion, and this layer rabbing 
rainst tbe remainiug earth will only cause 
t&e friction of earth oo earth, and E will 
Maly be directed aj. au angle <f below the 
"hormal ; supposing always that the tendency 
to relative motion corresponds to the eaiUi 
moving dovm along the back of the wall 
-.40, as in settling from its compressibility, 
or as in case of an incipient rotation of tbe 
wall forward, from a greater pressure on 
tbe outer toe or a slight unequal comprea- 
a of the foundation. 
It remains to find the position of the true 
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plnne of rupture. Aa pivli miliary to 
we Buk' fi'om Kg. 3 au expeilitioua way of 
IfGding tht? <1ii-ection of S on any trial plane 
of nipture, as ^i. Thus ualliug <u the angle 
tliat Al makes with the vtrticftl AI, the 
stra!r;ht line making an angle (^ + u) 
with any horizODtal, as DCI, below that 
llorizoQtal, ia pai-.illel to S, aince any line 
inclined at an angle u Ijeiow tlie horizontal 
19 perpendicular to .^11, and 5 is inclined at 
an angle •)> below that normal. In laying 
off the equal angles, it is convenient to use 
a common radius, AM, to describe the arcs 
having A and / reaiieetively as centres, and 
to take choi-d distances of tlie arcs and (u, 
•• and lay tlnrni off' on the arc with / as a 
centre, as shown, Foi' any other trial 

t plane, as A'2, we have simply to lay off the 
e^reaponding value of cu below the angle if> 
as before. 

X4. We shall now refer to Fig. 4, to 
^ illustrate the general method to follow to 
' find the earth-thrust E iu [TOunda, Here 
-'- the irall. one foot long perpendicular to the 
^ pl&ne of the paper, is shown in section 
BACDi the earth sloping at an angle from 




Bome point on the top of the wall to ) 
point marked 2, where it ia horizoataL 
Tbia Ib called a aurcharged wall, the eutb 
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lyiug above the horizoDtal plane of the top 
of the wall being called the surcharge. 

Extend the line AO of the inner face to 
0, whei'e it iuterseota the top slope of the 
earth; the possible prisma of rupture are 
then ^01, Ad'!, ^103, . . . , aod we shall 
BOW proceed to reduce these areas to equiv- 
alent triangles having the same base A'i. 
Draw tlie parallels 00"', U', 33', . . . , to 
line j13 to intei-aection with a perpendicular 
to ^, passing through the point 2. Thea 
the triangle AQ2 is equivalent to the triangle 
^0'2, and ^112 to -il'2, so that triangle 
AQ'V is equivalent to -401. Similarly A2& 
is equivalent to triangle A2%'A, having the 
same i>ase, jd2, and vertices in a line parallel 
to thia base, giving the same altitude. Thus 
the area.-102Gvl is replaced by AO'i^'A ; and 
the weight of the corresponding prism, if we 
call e the weight per cubic foot of earth, 
18 \M X 0'6' X e. Similarly the weight of 
Ami is ^A^ X 0'4' X e ; so that if we use 
O*!', 0'2, 0'3', . . . , to represent the weights 
of the successive prisms ^01, A02, j103, 
, , . , on the force diagram given below, 
we have simply to multiply the vaine of E, 



ghioi t>7 constniDtion, by ie,j2 bo fiod its 
Umo \alae in pounils. 

We next Uy oS the BDCcessive values of 
(^ + (u), as in Fig. 3. Thus, with any 
Goawnieut railiiis, as A»r we describe aa 
tu%) ^tffif, and cull tlte intersectioDS vitb 
.-fl, ^, . . . . a^, •!,. u,. . . . , respectively' 
Next, tbrotu;U point g on the arc in tfaft 
v«rticid through wl, draw Tertical and bmi- 
toutul UtiL-s, aiid <)eserlbe an arc. bsa^, . . . 
with tho 6AIUU radius ; then draw gs, making 
tlte fUkgic ^ below the horisoDtal gB (by' 
milking chon! lUi = chord fd), and layoff 
with dtviik'rs. cIiorIs jia,, 3^, s«„ . . . y 
equal to clioitU </ii,. ^o,, (fUj, ... It <m 
evident now that liues 17s,, gs^, gs^, . . . ^■ 
make the angles ^ with the normals to tt» 
Buocessive planes ^1,^2,^13, . . . ,aadtiiilB< 
give the direction ot the 5's correspontHi^ 
to those planes. 

We now lay off with dividers on ttie- 
vertical line gJl the distances 53,, jf^,, . ^j\ v 
equal reepectivdy to O'l', 0'2, 0'3', . . .'^ 
and draw through the points j?,, jj, 5^ 
parallels to the direction of E (drawtl '& 
before explained) to intersection wittiite- 
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lioea gSj, gfSj, jWj, . . . , wbich interaectiona 
call c,, e,, Cg, . . . , respectively. 

25. It follows that the liDea 3,Cj, jTjCj, 
gjif, ■ • ■ . repreaeut tlie thrusts B' due to 
the BQccessive prisms of rupture ^01, AGi, 
. . . , and we shall now prove that the 
gr«ftt«st of these lines, whieh is found to 
be: y^c,, represents the actual active thrust 
Dpoo any stable wall.' This follows from 
the simple fact, that if we regard any 
other thrust than the maximum as the true 
one, on comliining tliis lesser thrust, taken 
as acting to the right, with the weight of 
tbe wedge of rupture corresponding to the 
maximum throat, we necessarily find that 
tbe resultant falls below the i»aition firat 
asaumed ; so that it makes an angle with the 
nonnnl to tlie corresixtnding plane of rupture 
greatet' than the angle of repose, which, by 
tbe principle of Art. 21, is inconsistent with 
stability. Thus, in Fig# 4, if we choose 
to assert that any trial thrust, as (jr^e^, less 
than the maximum p^u,, is the true one, on 
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greater tkui 4> «bK^ » atooloirij n 
slsteat with eqaOibnnm. It foUfMiB 
any Uumt less than I 
<1et«nniiied bj tbe constmdJtHi abov^T' 
impossible; and that this maximain tlinist 
tbua found \a the actwJ ocIiik tbrnst exeited 
^i^iiiiMt the wall. In this consists wfaat is 
known OS Coulomb's "wedge of 
thrust." triiich is bere establislied by aad ot 
tlic 8in)];lc mecliauioal principle mimiliMri 
lu Art. 2). . a 

TIk prism of •niptui'e in this oM» I 
A0i4A. tlic plane J4 Ijeiug tbc jficr^Mvroj 

To Hnil th? i'i>!iulti\at tbrusts on ittt(<tlii 
OtliiT nuMnnm't plinos. we combine tber. 
''Mirusl found with tbu weight of etaUb' 




e the plane. Tbua, eietending PjCj, g^^, 
. to a common k-ngtU y/,, or to the 
Trertieal timgent to tlie (Jotted curve, the lines 
drawn from g tliron<£li the cori'espoDclliig 
intersection 3 with this verticil! will represent 
tiie thrusts on. the p1n,ne3 A\, A%, ■ • • i 
TThich are thus inclineil nearer the horizontal 
than the old trial values, and thus make less 
angles tlian ^ witli the normals to their 
corresponding planes ; so thnt the conditions 
. of stability are all satisfied, and, if the wall 

-J. gives, slitUng will only occur down the plane 

u «l rupture Ai. 

rKUlfSn -tbe analytical method followed by 

' ■■•W-Byraucb, E is assumed to be constant, 
And to equal the nr^tutil thrust on the wall ; 
and the real surface of rupture is taken to 
be that plane for wliicli tlie angle that S 
(Fig. 3) makes with the normal is the 
greatPst (^) eonsiittent with equilitjrium, 
which is in agreement with what we have 
jnat pi'oved 

Winkler adopts the snme method, in 
preference to the Coulomb method. In 
fact, he asserts that "no author, from ^ 
Coalomb down, has given any direct as 
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factory proof of Coulomb's principle." It 

is hopeA that the above demoDstration 
will prove complete and satisfactory. The 
method evidently gives the least thrust, for 
the assumed direction of JS, that will keep 
the mass from eliding down the surface of 
rupture. 

The earth can resist a mnch gnaieX' 
preaaure from the wall aide, since a eon* 
tinuously iucreasiug pressure from the lefli 
causes all the resultants on plaues Al, AS^ 
... to approach the normals, then to pass 
them, and finally to lie above them, wiUi 
the Bole condition that none of them must 
make angles greater than i^ with their 
cori'csponding normals (see Art. 3i). 

26. To find the llmist E in pounds, 'K« 
multiply g,c^ to scale by ^Ai.e. Finsjfy)- 
if we know the position of E, we comtrine' 
it with the weight of the wall in pouads^' 
acting along the vertical thi-ough its centn 
of gravity, to get the resultant on the huKU 
If the upper surface of the earth is ler^,' 
or with a uniform slope from the point 
(Fig. i) , then the sections of the prisms of 
rupture for various heights of the wail^ (ff' 



(or any values of AJi, are similar triangles, 
80 tbftt tbu thrusts £, which vary directly I 
with the weight of the coiTesponding prisma, 
will also vary direelly na the areas of these 
triangles, or as the sqiiiires of the homologoi 
lines AO, or as the si^uaras of the height of 
point from the base Ali. It follows, ; 
in the case of water- [uvas ore, that for these 
eases the resultant E of the earlh-thruat 
acting along the Un-e AQ is foumi at a 
point |^>along At} fi-om the base A3. 

For the surchat'(Xi'tl wall it is possibly 
higher; in fact, Siln/lller takes it in con- 
structing his tabU-e, lor all cases, at ^^10 
along ^. But expi riment indicates cither 
that the thrust is i iverestimated for sur- 
charged wolta, or tint it acts not higher 
than at one-third thi lieight of alxive the 
base; so tliat it will p rave safe in practice 
to take the latu-r limit if we use the 
theoretical thrust. Vs to the latti.-r, it is 
erWent that colieson (which we have 
neglected) has a gi' ■Alt.'t avea to act upon 
along the surface ol rupture for any kind 
<rf surcharged wall, tliiui for earth cither, 
level or sloping dowu from the top of the 



E%sU ; so that we Bboald expect the tfarOBtto 

[' be somewtiat overeati mated when we aeglect 

oohcsiou ultogetlier, since the resistance to 

slidiDg down any plane due to it is directij 

as the area of the anrface of separation. 

27. In case the earth ia level with tho 
top of the wall, the coustructioD of Fig. 4 
again applies, only the line WW now coincides 
with the horizontal through C, and the 
reduction of areas to equivalent triangles 
is omitted, since now nil the ti'iiyigles have 
the same altitude, equal to the height of tbe 
wa/1. 

If, however, the earth slopes uniformly 
from the top of the wall, at a less ang^e 
than the angle of repoae, we can assume - 
any point as 2, on tliis slope, and effect tha 
construction of Fig. 4 as before; or, bettert 
we can divide this slofm into a number of < 
parts at 1, 2, ... , and treat iJI, (J2, . . .i^ 
Buccesaively aa the ba^es and tbe perpeth 
dicular from A upon 02, produced as %l» 
common altitude ; so that, usiug Ol, IS^ 
. . . , as representing the weights o£ tba 
corresponding ptisma on the load line g^ 
ire have liaally to multiply the value of gc^ 



ooireaponding to the greatest thrust, by 
fe. multiplied by tliis perpendicular, to get 
the maximum thrust E iu pouucls. 

In case the surfaee of the earth slopes 
indeanitely at Uie angle of Tfpone, the 
graphical method fails to find the surface 
of rupture, which analysis shows, in this 
esse, to approach indefinitely to the plane 
of natural slope passing through the point 
A, though practically it may be shown that 
planes of rapture slightly above the latter 
will give almost identically the same earth- 
thrust, so that they can safely be used. In 
fact, it is well to state here, that, for earth- 
level at top, the surface of rapture, as 
I obaenfed iu experiments with every kind of 
backii^, i^rcea very well with theoiy ; but, 
I as the surcharge grows Jiigher, the actual 
I surface of rupture lies nearer tlie vertical 
I than the theoretical, and the thrust is 
correspondingly less, particularly for walls 
leanmg backwards at top, which, for n high 
surcharge, actually receive mueh less thrust 
than the simple theory after Coulomb's 
hypothesis, neglecting cohesion, calls for; 
' and it ie not surprising that it is so. But 
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^or^l with the Ttormat (o He vaM. 

In Fig. a, k-t AU rvpnsent tbe u 
of tbe wall. Imcked bv eutii slopii^ 
from C in Uk' direction C — 10. ner* 
art certain potitioHs far (hp tcvtO AO ^/titg 
10 Wie fr/i o/lhe vertical J^./or tcAie* ll« 
true thruat on it m fouud by n»etrtaimht§ 
Ae (Aruirt cnt 'Ae vertical plane .iO, taEWnrfJag 
/>VMB f/te /ow( o/ the tcail A to icAere tl 
htUrvictt tlte top nlope C — 10, Aamig 
aMumtd tlie direction of the thruM on jO!, 
e^/lfr Jiankine, as parallel to the top dope, 
O/nd eoiabining this thrust, acting at -|^ 
above A, with the weight of the nuttt €f 
tttrth, AOC, Ij/ing bettoeen Jii and jWi 
aiding along tlie vertical through its centra 
of gravUy. The thrust on AS U Ifana 
romhinctl with the weight of AdG^ at Br 
point on AC, one-third uf its length g^ng 
from AtoC. 

Thin direction of the tlirust on AB 
allel to tiie top slope la in agreement 
Baukine'H principle for llie case, of ui 
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«e Bhfllt defer tbe eomparison of DionliM) 
Rsalu till later. 

28. C(i^ irhert E does not mate tAe la^le 
^Or 4>' "'t'^ '^ normal to the v>oB. 

In Fig. 0, let AV represent tbe inner face 
of tlie wall, backed by eailh sloping upwanb 

. from C \a the direction C — 10. Tkert 
are eeTfain positionn for the tcaU AC IgifiS 
to tite hfi of the ixriiail Ay, fur toAfoft 0»e 
tTv« thnist on it is found by nacertaininQ 
the IhrusC on the veriical plane AO, esrfending 
from the foot of die trail A to toAere it 
inlerse<^s tlte top dope C — 10, ktmng 
OMUTtied Ute direaion of the ihruM on ^, 
after Rankine, as parallel to the top slope, 
and combining this fAniAt, acting at }X6 
above A. leilh the weight of the moM ^ 
oarih, AOC, lying beHoeen AO aiid jflj, 
acting along the vertical througk ili emCn 
of gravity- The tlirust on ^ U tfiw 
combined with the weight of AOC, at » 
point on j:W, one-third of its length gobig 
from A to C. 

This direction of the tlirnsl on A5 par- 
*Uel to the top slope is in agreement With 

i.Bankitie'B principle for the ease of bb 
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nnlimited mass of earth of the same depth 
everywhere, on nn uniformly compressil>le 
foundation (Art. 3), and doubtless agrees 
very nearly with the direction and amount 
of tUe eavth-tbruat in oi'dinary caBes, except 
near comparatively rigid retaining- walla, or 
other bodies, where the direction is generally 
clianged, as previously pointed out. Let 
113 ascertain the limiting positiou of AG, 
below which the true thrust must be ascer- 
tained in the manner just stated. To do 
this, we lirst assume the thrust on A^ as 
acting parallel to the top slope, and Snd 
its intensity corresponding by previous 
methods; and afterwards prove, for positions 
of AC below the limit, to be found by 
ConstiTiction, that no thrust on ^ having 
a less inclination to the vertical is consistent 
with eqnilibrium. 

The construction necessary 'to find the 
thrust on ^ii, from Die earth on the i-ight, 
is similar to that given for Fig. 4, except 
that the top slope is now uniform, and will 
only be briefly indicated. Thus, divide the 
top slope — 10, to the right of J^, into a 
mimber of parts, made equal f oreonvenience, 



aBft draw throngh the points of dJvisMi 
from A prodaced on to meet the arc desoi'ibed 
with Aff aa a radius at the points a,, (t,i . , , 
Then with 3 as a centre, and gA as a radius, 
describe a semicircle us shown ; also dtaw 
gb horizontal, and la; oS arc ba equal to ^ 
the angle of repose, and from s lay off arc* 
sSj, ssj, . . . , equal to ff«,, ga^, and draw 
the linea gs^, ga^, • - ■ , from g throogh 
the extremities of these arcs to represent the 
directions of the resultants on the successive 
planes of rnpture, which are thus indined 
below the normals to those planes at tbe 
angle t}> respectively. Nest, on the verticsl 
ff3, lay off fff^p ^3, - . . , equal to the bases 
01, 02, of the supposed prisms of raptare 
lying to the right of Ag, and through their 
extremities draw g^l', g.^', . . . , panlld 
to top slope to Intersection I', 2', . . , , 
with the directions of the reeultauta ttnt 
found. The greatest of these linea ct^i, to 
scale, represents the actual thrust oa 'AO^ 
and we have only to multiply it by }^ 
where p is the perpendicular let fall f^m 
in the top slope 0—10 produced, to seals, 
k to get the pressure in pounds, if desired. 
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1.1 tl.n ■ 



Now, if the direoUou of the presBuve 
wall.^C caQODt be takeu as usual, incliucd 
below the Dormal to AC, at an angltt 0, 
it 18 (Art. 7) because, iu case of niotion, 
tUe eartb does not rub agaiust tbe wall 
sofflciently to (Jevelop the required friction, 
whence it must follow that the earth breaks 
along some plane ua ..44, A5, . . . , to the 
left of Ay, where the tbiiist is inclined at 
the angle <f> to its normal ; so that this plane 
is a veritable plane of rupture, and its 
poaitiou can be found aa usual on assuming 
the direction of the tln'ust on ..^ as parallel 
to the top slope. 

In case auch a plane exists between Mi 
and jiC, the earth below it, if tbe wall 
moves, will go with tlie wall ; further, it is 
evident that the thrust i^ainst the vertical 
plane A^, due to the wedge of rupture on 
tbe left, must exactly equal tbe thrust first 
found corresponding to the wedge of ruptui-e 
OD the right, otherwise equilibrium will be 
impossible. 

To ascertain the position of .this plane of 
rupture on the left, that we shall liereafter 
call the Umitiiig plane, moat accurately, it 



is well to mtkgnity tbe liDefl reprMenthgHbe 
forces as much as the limits of the di-awfng 
will admit of. We bave conswjaeiitiy 
divided t!je top surface, DC, into a iiuinberof 
equal parts, of which the first eight at* oo^ 
ODe-fourth the length of the corresponclii^ 
parts to the right of M. By lajiDg off the 
loada gg^. gg^, . . • , however, to a sCal6 
four times as targe as just used, we haire 
the lengths jj?,, gg^, . - . , cxacLlj foiir 
times tlie lengths 01, 03, ■ . ■ , along tbe 
surface to the left of 0, so that the old 
letteriug applies agato. '""- 

We now produce the lines J] , A2, J ."i^ 
to interseetion n,, n^, . . . , with the aKIjlill 
(it is obvious that the top sloiw, UV, sb6fiM 
best be di-awn, in the first instance, tfaroctgK 
g, for ftccufat«ly fixing the positions of «,,«,',' 
, . .) T tlien lay off, below the borizotftCd,' 
tbe anirle dgni =^ tfi ; and from m., the inter' 
section of gm with the semicircle dAb, itjf 
off the arcs mnij, mm,, . . . , equal W 
?»n ff"i' ■ ■ ■ : BO that the lines pm,, gM^!, 
. , . , all make angles equal to ^ tritb thfr 
normals to tbe corresponding planes Al^ 
Ai,... ■ '^ 
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Next, on drawing through 3,, p„ . . . , 
lines pai'allel to tlie aasumed direction of 
. the thrust od ^0, to interseotioD with the 
correspond iug liues gin^, gm^, . . - , the 
grefttest of the intercepts {(/^^ nearly) 
I'epresents, to the scale of loads, the thrust 
00 t^ plane ^10 ; and this length should 
exactly equal four times tlm length uc* 
representing the thrust from tlie nglit, as 
we find to be tlie case. Tbe plane of 
ltq>turc to the left of tbe vertical tbi-ough 
A thus coincides nearly with Aa, which i§^ 
-Bwrked "limit" ou tbe drawing. [On a 
lai^r drawing, for tft = 33° 42' and Uie top 
sloping at 25°, the limiting plane was found 
to make an angle of 16° to lli° (see a more 
aocurate determination in Art. 41) to the 
left of tbe vertical Ag, and to lie sliglitl; 
below Ao, as tliis drawing would indicate.] 
,lf we lay od' along tbe lines paifillel to 
lop slope, through ff„ 3,, • . . , the true 
tbcustB, g-/,, gjj, . . . , g^t„ . . . , the 
directiouB of gtj, gt^, . . . , gt^, . . . , of 
tbe true thrusts on the [Janes A\, A2, 
. . . , Al, . . . , all necessarily lie above 
the first assumed directions ; so that the 
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W pUi i e. for coonmienre). hi^ 
nake fess angles 



ftietioa, just «s w? foood in Art. 

The cooditkau ot sUbiKtr of Ait. SI 
thttt satsified in tix pnaetA rase 
eridnl thst this is no loBga- so if we kwn 
the dtrectKHi of the thrust oa AH, 
faflsem the borizontal «ompoo«nt of tfae 
tbrost from the right, siace 
like 6', 7*. in the right diagram move 
the T«tJC3l -ij, Iboi^fa the reverse 
for the digram to tfae left, which of itself 
iDdicates eome alwardity. 
combioe the new tbrost on AO from the 
right (which has a lesa horisoDtal eoanftO' 
nent than befoi-e) with the wedges of earth 
lying to the left of J5, it is readily Been 
that the directions of some of the rcsultaats, 
as gt^, . . . , will fall below their first 
ponitions, and will thus make greater angles 
with the normals to their i^Ianes than Hw 
Inwtf of stability will admit of ; so that any 
lowcriug of the first assumed 




paraTlol to tlie top slope, of the thrust on 
jIO, is impossible. 

We thus reclnce to an absurdity every 
other case hot tbe one assumed, which is 
therefore true ; so tliat tlie proposition 
enanciated at the beginning of this article 



We see, therefore, that we cannot, as 
before, assume the direction of llie thrust 
«n the wall, AU, as having the direction 
gm^, making the angle ^ with the normal 
to AU, and find the wedge of ma:ELnium 
thrust eorrespondmg ; btit that its true 
^iireclion, gt„ is found by combining the 
thrust found on AO, acting parallel to top 
slope, with the weight of the wedge of 
earl^, OAC, between the wall und the 
vertical plane ^0 ; otherwise, if the left 
diagram is oonstructed, we find its dired;ion 
and amount in a similar manner to that 
used in finding the direction, etc., of gL. 
, . . , by laying off on gA (produced if 
necessary) OC X 4 ; from the end of tliia 
line we draw a parallel to the top slope UC 
to intersection tg, with the vertical through 
t^. The liue gtf to the last scale used mtd-^ 



liplied by \tp (where p is Ifae pexpeaCestar 
from A OD 0?? to the scale aaed ia layiog off 
0^) gives the throst E against tbe w»ll id 
ponnds. It is laid oS in positioD by drawi^ 
a line pamltel to gt, through a poiat on AC, 
^AC ahove A, aa previous!; enunciated. 

99 (<f>'<^). In case this conatruetion 
gives a thrust oo the wall which inak«s ft 
greater angle nitb its normal than tbe 
CO-efflcient of friction, tf>' (^ wall on earthy 
0' being less than tf), then it is correct ta 
aasnme the direction of ff as making this 
angle <{•' with the normal, and proceed as in 
Fig, 4 to find the thrust. In the preceding 
article, no trial-thrnst on the vertical plane 
.i£Jwas assumeii to lie nearer the horiaontal 
than the top slope, as there was no reason 
for considering such exceptions to the tisual 
direction in a mass of unlimited extent. 
Now, however, tbe wall requires the Umist 
on jiO to lie nearer the horizontal than DC 
does, in which case the horizontal comptmeDt 
will be increased (since intersections like, 
7', 8', move away from the vertical ^)t 
and tbe thrusts on all planes ^1, A2, . . . , 
. lying to the left of Jig, will be raised above 
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&e1r previous positions, gt^, gt^, . . . ; so 
that tlie thrusts oq all the phiues but AC 
now make less angles tiiaii <(> with the ■ 
normals to those plaues, so that the con- 
ditioDs for stability of "the grauuWmass" 
are assured. 

30. The "limiting plane," correspomUng 
to the plane of ruptnre ou the left, can be 
found by a different construction from that 
given above. Thus, having founcl the line 
«? representing the maximum thmst from 
the ea,rth to the right of Ad, multiply by 4, 
say. and combine with the suoceasive wedges 
of earth lying to the left of ^10, on magni- 
fying the lines Ql, 02, . . . , in the satne 
proportion, tbas giving the lines gt^, gl^, 
. . , , for the direction of the thrusts on 
the planes ^1, A2, . . . ; these all li^ above 
the directions g7n,^, gm^, ■ . ■ , making the 
angles with the normals to the planes, 
except for the limiting plane, where gt^ and 
jrwi, nearly coincide, as they should exactly 
if Aa was the limiting plane. The lowest 
relative position of gt with respect to gm is, 
of course, the one selected. It is evideuti 
CiuNigh, that the ooustruction for the wedge 



^ 



of greateBt throat to the left of ^ gives 
a mure ocourate evaluation of the tbnufc 
thaii the one to the right ; so that we 
preferably use the left construction not 
only for getting; the limiting plaae, Imt for 
HiidiTig the tbruat on any wall lyiug bdow 
the limitiug place. 

It is evident, from what pi'ecedes, 
the double eoustiiietiou of Art. 28 applies 
only when the thrust on j^ ia par&Ilel 
the top slope ; for the moment it is lowere«^ 
there resalta several planes of rapture tg 
the left of ^Yi, which is impoasible. Kv«| 
if we attempt the left coastrtictioD, we faavn 
seen bcsiiles that the resulting thrust oa. 
is greater than by .the coustructioa <Ht thi 
Tight. 

In case the face of the wall, JS3, 
above the " limiting plane," as fMaj 
before, we evaluate the thrust od it, a 
Fig. 4, hy assuming its ilirectiou to mskf 
an angle with the normal equal to ^ i 
4t' when 0' < </). Thus, if the inner face o( 
the wall had the position A2, to the left o| 
AQ, the dii'cctiou of the thrust on it wotiU 
pow be the gm^, ia pUce of gt^ aa befOm 
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and the cooditiona of stability of the granular 
mass will be found to be everywhere veriBed 
ES in Fig, 4 (aee Art. 25). 

81. Summar)/. — For all cases of top 
slope, when the inner face of the wall is 
battered, We flret find the limiting plane by 
the construction of Art. 28 ; then when the 
ianer face of the wall makes a less angle 
Withtbe Vertical than the limiting plane does 
{as is nearly always the case in practice, 
Unless the surface of the earth slopes at or 
MeaT the angle of repose, in which case the 
limiting plane is at orvei-ynear the vertical), 
we usenine the direction of the thrust on it 
as making the angle 0or<^' (for ^'< ^) with 
the normal, and proceed aa in Art. 23, et 
»eq. ; but, if the face of the wall lies beloW' 
the limiting plane, we pi-oceed as in Art. 28, 
or if <!>' <<f> we may have to proceed as in 
Art. 29, to find the true thnist. 

If the wall leans backward, thei-e is no 
need to find the limiting plane, as the usual 
construction applies. 

For earth level at top, the limiting plane 
is inclined to the left of the vertical equally 
Vitt) the plane of rupture to the right ; aa 



the top slope increases, it approacfaes the 
vertical, and coincides with it for the surface 
alopitig at the angle of repose. 

Remark. — It ia found from the oon- 
atruction to the right of Ag, in Fig. 5, for 
planes of rupture lying 7° to 14° above 
the one coiTespouding to the greatest thrust, 
that the thrust is less only by from 6 to 16 
per cent, though it more rapidly dimioisbes 
as the assumed plane of mptnre nears the 
vertical. It must not be inferred, tiien, 
particularly for steep surface slopes, that 
a conaidei'able divergence between tbe 
theoretical and actual surfaces of mptare 
will invalidate the theoiy, if the object ia 
simply to get the thrust within a few per 
cent of the truth, particularly as the theory 
neglects cohesion. In fact, for a surface 
slope equal to the angle of repose, the plane 
of mpttirc is parallel to the surface ; bat a 
plane lyiug much nearer the vertical will 
give nearly the same thrust. 

32. In this connection, ii may be well todeeo^bB 
experiment made b; Lieut.-Col. Aud£ in iSM, 
1 repeated subsequently by Gen. Ardant, Vu. 
e, and M. Gobin, on a peculiar rutalulng-wifl 




a triangular block or frame, in vrliicli 
Uie inner face was inclined tii llieliomuntBlat tjie 
angle of repose of the Bii.nd backing, wlieti, of 
course, by tlie usual oHsuraptioii as to E making 
an angle of if witti tlie norma! to llie wall, the 
direction of E would l>e vertical, and there Bhoulil 
be uo Iiorizontal ttirusll This seemed, to tlie 
French experimEnters, to offer apuriling objection 
bo theory ; but the solution is clearly as indiuateil 
ia Art. 28 (aee Arl, 07, Exps. 6 and 10). Scheffler 
indicated VLit correct solution as far Ijack as 1351, 
but gave tbe wrong reason for it; vIt.., tliat the 
horiiontal thrust was thereby greater. 

The writer, in " Van No5trand"a Magazine " tor 
February, 1882 (p. 00), pointed out that any other 
sOIntion than that Indicated In Art, 28 was 
biconsisi^nt with the stability of a granular mass, 
and tbe computations upon that bajiis agreed very 
closely with tlie experiments. Later M. Boussinesq 
has developed the tlieory of tlie limiting plane In: 
connection with the attempt to complete the 
Bankine theory, by considering the influence of 
tbe wall on the pressures even to a tluite distanca- 
fntm it. According to Flamant, he deflnes two 
linuts to the thrust, and considers tiie most probable 
value tlie smaller of tlicse limits augmented by 
ft of tlie I r difference. From an examination 
of the numerical values computed by Flamant 
("Annales dea Ponts et Cliausses," April, 1886}, 
the results do not differ greatly from those givea 
by the simple theory alone used in this worlc 
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83. The aiatnrblng Influence of Uie wOl'fel 
changing tlie aormal chnracter of the slrei 
be illustrated ss follows: If the tbmst 
vertical plane M (Fig. 5) acts parallel 
surface 0^10, it meets the plane of nipture at 
one-third ot its length above A, throngb wMeb 
point the weight of the prism of mptnre acts 
also; so that the resultant on Iliis plane acts at 
this point, which correaponda to 
the plane of niptureunifonnlyinercftsing from the 
BOtfaoe dowDwarda. If, bowever. the wall cataes 

toe thcuat on J5 to mate a J ^^ [ angle with 

the horizontal, the resultant on the corresponding 
plane of rupture on the right acts | ^^^ 

point situated at one-thircl of the len^h of tin 
plane aboTe A, so that the pressures on it are no 
longer unifonnly Increasing. This abnormal stBte^ 
doubtless, does not extend far into the mass beltiFB 
the lunnl direction of the thrust In alai^nu 
earth Is attained ; bnt the fact throws doubt 
the assumption ot a plme siirfaee of mpture'lop 
all cases where the direction ot thp thrust on 
Tertical plane does not act paralk-l to then 
(urface. 

It appears reasonable to suppose, If the 
through the centres ot pressure 
ot a retaining- wall passes through their Mtttns' 
of gravity, that no rotation ot the wall oe* 
farther, if it was possible for the masonry 



enrtta or rock bacldng to settle together the same 
amouDL, — the baeUng, say, havin); been carefully 
deposited In liorizontal lajera, — then, ermi for a 
level-lopped bank, tlie maximum thrmt, aa given 
by BuikiDe's tonnula, will be exerted, and there 
will be no frictiou at the back of the wall U> change 
the UHual ilirectiou of the earth-thrust in a large 
bank. If the wall has not the stability, or the 
settling is not as assumed, the top will move over, 
friction at the back of the wall is exerted, and the 
boviiontBl thrust becomes smaller than before, 
correapondlrjg to a different prism of tliru.it, as 
we ascertain by the construction of Fig. 4, for 
the two cases of E horizontal and B inclined 
downwards. The excess of tlie horizontal tlinist 
In one case overthat in the other must necessarily 
be resisted by the ground-surface, on which the 
filling rests by friction, which it is generally 
capable of doing. If not, then the Eankinc 
thrust will be exerted. Similarly, if we consider 
any road embankment, whose sides slope at the 
angle of repose, the horizontal thrust on some 
langltudina] plane in the interior must be finally 
resisted by the ground to one aide under the 
embankment, tf, however, the weight of earth 
above, multiplied by the co-efficient of friction of 
euth on ground-surface, is less than the horizontal 
thnuL, the earth must slide, and the slope become 
flktter, until equilibrium obtains froni i 
hortiontal thrust. ScliuMer computes for n 
embankment of triangular section where # = 



And the angle of friction on the gwtind-snrCieelt 
only 5°. that Ihe slope of the embankment would 
change to 32° IS'. For the ground-fricciMi angle 
= T° T ai" there would be exact equilibrium; w 
that, generally, there need be no fearfrom sprending 
of embankmenla due to this cause, as tbe amount 
of friction required la very small. 

34. We have now given raethoda for 
findiiig the thruet agaiust a retain ing-wall, 
which simply resists this active thrust of the 
earth, for the usual cases of a surolmi^ed 
wall and earth-level at the top, to whidi 
may be added tbc case of earth slopiiig 
downwards from the top of the wall to the 
rear, for which the construction is evident. 
It now remains to find the passive resistance 
ofUie earth to sliding up some incliiied jplufle 
due to an ai^tive thrust of the wnil from 1^^ 
to right {Fig. 4), caused by water, eu^ 
or any other agency acthig against the waD, 
on the left. Now (Art. 22) we lay ottw 
angle 6^* (Fig. 4) above hy, and then, fro(p 
the new position of s. lay off arcs »s,, m^, 
. . . , below a equal to ^o,, fffij, . . . , sb 
before, giviug the direction of jrf,, ga^, . . .", 
^inclined at angle i^ above the uormal to tlie 



correspondilig planes -41, ^2, . . . The 
couatructioa then proceeds as before, only 
it ia now tbe least ot tlie resistances, gc, that 
represents the pivisioe resistance of tbe 
earth to sliding up the plane of rupture 
corresponding ; for any increase over this 
causes the thrust on some planes to make 
greater angles than with the normals, as 
19 easily shown. It is plain that gc has 
the same direction as before ; for if we 
call N the comjwnent normal to AG of the 
resistance, since, if the earth moves upwai-ds 
along the plane of rupture and plane AC, 
the friction of the earth along AG, N 
tan. 0. acts downwards, which gives the 
dii'ection of E, i-ep resenting the earth - 
resistance, inclined below the normal as 
before at the angle 0, the same as for the 
active thrust of earth on wall. This active 
thrust is of course the only one exerted, 
unless the wall tends to slide, so that the 
consideration of the passive resistance ia 
of small practical value. In case of a 
heavy structure resting on a foundation, we 
can replace the total weiijht by that of earth, 
and estimate; the active Ibrust exerted against. 
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a vertical plane jUst below the fcninaal 

for the full weigtit of the supposed eartb. 
by the method to be givun in the next 
article. The earth to one side of this 
vertical plane cao be conceived to exert a 
passive thrust, which may be estimated aa- 
explaiuetl, and should exceed the aotive 
thrust for a stable foundation. "thW; 
method, thougli, of estimating the staoili^ 
of a fouiidatioa, while doubtleas 00 tbe 
safe side, is otherwise illusory, as any one 
who has seen a heavy locomotive move at 
great speed along a nai-row embankniient 
must admit. The mass, by its friction, 
rapidly and safely transmits and distribnt^s 
the weight over the gi-ouud, without eseiting 
any horizontal thrust at the side stopes, 
which are perfectly stable. 

35. Undergmitntl Pressures. — To-fiali 
the unit pressure at a depth x below' tbc 
surface of a large mass of earth, level at 
top, of indefinite extent, and resting updn- 
a uniformly compressible foundation, evei^- 
where at the same depth (sec Art. 9), tie 
proceed as follows r Let Fig, 6 represent 'a 
slice of the earth contained between two 
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vertical planes one unit apart, and bounded 
on one silk by the horizontal plane OC, at 
& depth X below tlie surface, on the left 
by the vertical plane ^10, whose depth la 
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AiB, and below by the plane AC\ the 
planes ^, {K?, and AJ^ being supposed 
perpendicular to the plane of the paper. 
Let the length .-10 = Aa;, and the length 
5D = ji.Aa:. The plane Jx7 will be con- 



sMered to take successively the positlesa 
^1, A2, ... 1 so that if we divide 
AO = Ax into tea equal parts, as shown, 
and lay off similar equal parts aloog t)C\ 
as AV varies in position, Ji will take the 
successive values 0.1, 0.2, . . . Calling 
e the weight per cubic foot of earth, the 
weight of the piiam of earth restii^ vertir 
cally over 5?7 is repiesented genei'ally by 
e.x.n. ^, which, beiugdirectlyproportluDal 
to M, we cau lay off ou the vertical 03 the 
lengths 01, 03, . . . , to represent the au<^ 
cessive values of n, or the vertical loads 
sustained by the horizoutal bases 01, D?, 
. . . , of the successive prisms consider^. 
When the length Aa; is very small, we ,«m 
neglect the weight of the small prian^ of 
thrust, AOC, in oomp»rison witli the weight 
of the vertical prism above it, wit^pufi, 
appreciable error, and nltimately find tt*e 
position of the plane AV, which gives tM^. 
tme thrust against AO, by previous method^ 
Thus, draw the quadrants shown with.-^ 
and as centres, and .ZO as a radius ; note, 
the intersections Oj, a^, . . . , of the liBCA 
.41, A2 with the arc OD; next, 



constnict angle Cos = the angle of 
repose of the earth, and arcs ^.v, = Oa,, 
ss^ = OOg, . . . ; so that each of the liiiea 
Os,, 08j, . . . , nest di'awn, make the angle 
<f> with tlie normals to the eorrespondiDg 
planes ^1, A2, . ■ . , and thus represent 
the direction of the resistances offered by 
these planes in turn regarded as planes of 
rapture. On drawing horizontals tlii-ough 
tJie points of division 1,2,. . . , on AH to 
intersection 1", 2", . . . , with the Cor- 
responding directions Osj, Os^, . . . , we 
note, that, if the thrust on AO is taken as 
horizoDtiU (Art. 9), the liues 11", 22", 
. . . , represent the horizontal tUruats 
<mnsed by the weights i'eating on the suc- 
cessive prisms ^01 , A02, . . . , treated as 
successive wedges of rupture. The greatest 
<if these IT" represents the actual thrust on 
^0 ; for if we assert that any other, as 44", 
represents the actual thrust, to get the 
con'espoiiding thrusts on all the planes Al, 
jS2, . . . , in direction and amount, we 
must lay off a length equal to 3?" along 
eateh of the horizontals 11", 22", . . . , 
ph>duced if necessary, and through the 



extremities draw lines to 0, which thus 
represent in amount and direction the 
thrusts on the corresponding planes. But 
siuce TT" is less than 7T", this eonstruotion 
will give a thrust on the plane J[7, lying 
below the position Gf, and thus makiog & 
greater angle than ^ with ila normal, which 
IB inconsistent with the laws of stability of 
a granular moss. Hence, any other thrust 
than the maximum, as given by the above 
construction, is impossible. 

The length of 77" to scale is 0.52, wbiob 
we must now multiply hy ex^w to get the 
total horizontal thrust on the plaue J[U in 
pounds. On dividing this thrust (0.52 
ex^x) by the area pressed = 1 x Ax, we 
get the unit pressure on a vertical plane 
at a depth x below the surface equal to 
0.52e.x, which is called "the intensity of 
pressure," at a depth x. As we neglected 
the weight of the prism AOC, we must 
conceive ia; to diminish indefinitely, so that 
the et'ror tends indefinitely towards zero, 
aud the appi'oxiraate intensity of pivsaure 
on Aij = Ax approaches indefinitely that 
at the point 0. 
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By annlyaia we shall show hereafter that 
the plane of mpture, viTin this citse, biaecta 
the angle between tbc natural elope and the 
vertical. 



that ^ven by the usual funnula, e£ tan^ (45° — * J. 

Ttie intensity at any point of a vertical pUne thus 
tarles directly with x. The total amount on a 
vertical plane of depth j: from the Gurface is then 
J Cxdz — -^ (where C' = 0,52e in tha present 

ease), uid its resnllant is at a depth z eqnal to the 
limit of the sum of Uie inonieuts of the pressures 
(CicdJi) on the elementary areas li^ X l,takenabout 
the top surface, dlTlded by the total pressure, or 



Also, -r- - 



K 0.52X = 



: line repreaent- 



IjDg thrust, if old construction is used. These 
)U'e precisely the conclusions derived from previous 
constractions. 

' In case the top surface is sloping, a 
tfnilar construction applies, only 0(7 must 
Aow be drawn parallel to the top slope, and 
the pressure on 0^ must be assumed to act 



pavallel to this tJirection. The construction 
13 Bimilar to that given for Fig. 5 (on 
ueglectiug the weight of the weige of 
thrust as above) , either to the right or left 
of the vertical A^, only as the weigbt of 
tlie pi-iaraa vertically above OT, 53, . . . , 
(Fig. i>) is now repreaented by ex nAa X 
COB i (where i ta the tnclinalion of the top 
slope to tiic horizontal), we must multiply 
tlie length of the line c? (Fig. 5) to Bcale, 
by ex cos i, to get the intensity of the 
pressuie at the depth x, since the lengths n 
alone were laid off to represent the loads 
gg,, jffj, , . , , as in Fig. 6, and the resulting 
thrust cF must now be magnified ex ^x cos i 
times to get the thrust in jxiunda on the 
plane £ix x 1. As Ax approaches zero 
indeflnitely, the approximate intensity 

- c?, on the area Ax x 1, ap- 
Ax '^ 

I proftcheB that at the depth x (= ex cos t .c?) 

e pleaae. It must be observed 

Klhat AO in Fig. 5 must be taken equal to 

mity in this construction, and the aame 

I tacale usetl in laying off the distances along 

TiUie top-9loi» — 10. 



ex Ax COB 
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36. If the earth to the right of M: 
Fig, C, dota not experience the aimilar 
active thrust of earth lo Che left of ^, but 
<»iL; the passive resistance of a tunnel 
litiiug, etc., of an underground structure, 
tlie conditions are changed if this lining 
t/fues in consequence of its elasticity ; for 
iLe wedge of thrust, AOC, cannot move 
to the left witliout devcIo)jiug friction along 
the surface (K7, therefore the pressure on 
thia BuifnLe must no 1< nger be taken as 
vertical hut as inLlined at a direction 
0— 10, maliinE an antrle with the vertical 
(Fig. 6) The load on any aoppoaed wedge 
of thiuat as AO-i is now n presented by 
UT, tlie thiuat on M by iT', and the 
pressure on the plane Ai by 55". The 
greatest of the hues 11 ,22',. . . , now 
represents the tine thiuat, and it is readily 
found to be 4'4" = .33 to scale ; so that the 
intensity of the thrust on a aqtwre foot at 
the depth x is now O.SSea;, or one-third the 
intensity on the horizontal plane (TO. Mr. 
B^ur ("Science Seriea," No. 56) foond 
JEor ft heading, driven for the Catnpden-Hil 
Tunnel, at a depth of 44 feet from thi 




;he over- 1 



-the angle of repose of the o 
clay, sanH, and ballast, heavily 
I chained with water, being only 18° 26' as 
med above, — that the relative deflec- 
lloiis of tlie timberiug in the roof and aides 
iudicate<l that tht vertical and horizontal 
intensities of pressure were in the ratio of 
3.5 to 1, which ia very near what we 
obtain by the last couatmctiou. The first 
(xinatruction indicates a rutio of only 2 
to I. 

In most cases, a portion of the weight of 
the earth above the tunnel is transferred 
to the aidoa (Art. 9), though here il was 
tbouglil that "the full weight of the ground 
took effect uixiii the settings." 

AVe have now carefully examined the 
conditions of interior equilibrium of a mass 
of earth, and ascertained the thrusts exerted, 
whether in the interior or against a retaining- 
wall ; and we see that the gmpliical method 
is capable of handling, with equal ease, any 
case that oitlinarily presents itself. The 
results, of course, agree with the analytical 
letfaod, founded on llie same hypotheses ; 
i it ia often more convenient to cal- 
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culate the tbrast, even when a graphical 
method is aftei^wards used for testing the 
stability of the wall, we shall now proceed 
to deduce formulas for evaluating it. 




87. As in the preceding chapter, we shiD 
uiBUiDG n ;i'(ii(p aurfaci? of rupture, and re- 
([nrd the innas na subject only to the laws 
of gravity and frictiounl stability stated in 
Art. 21. 

la Fitc- 7, let AFPQRC represent a croaa- 
•octlon uf thi^ earth-Ulling, taki^n at right 
ungluB to the inner face of the wall AF, 
Wo sliall cousiiler tbe conditions of equi- 
librlum of a prism of this enrtli contained 
between two parallel planes, [jerpendicular 
to the inner face of the wall, and one unit 
apart, regnnliug the wall AF as resisting 
the teodent'v of the earth to slide doUM ■ 
some planu, as AC, passing through its 
inner toe. 

Call G the weight of the prism of earth 
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AFPQRC in poiinda, directed vertically; 
E, the earth-tlirust ngainat the wall AF, 
dii'ected at an angle 0' of friction of eartb 
on wall when <^'<<^, or of i/> when ^'>^, 




below the normal to the innoi- face of the 
wail (Art, 7) ; and S the reactiou of the 
plftne^O, inclined at an angle ^ (the an;;le 
of Impose of earth) below the corresponding 
norma], since the priam is supposed to Iw 
on the point of moving down the place' 
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AC. Thrae three forces srr in eqtiililiriain 
when E and ^ act towards O. uid O acts 
dowD wards. 

Call the angle that AO makes with tbe 
horizontal 7, and the angle FAC. p. On 
wing the paraUel(^ram of forces as 
shown, we have, since E and G are pro- 
portional to the sioes of the opposite angles 
in the triangle OSL, 

^ E ^ sin ONL 

^ O am NLO' 

It is easily seen from the figure that OSJ, » 
y — ^, and that NLO = ^ + |8 + ^'; 
hence the ahove general relation beoomes, 

PE ^ Bin {y-4.) 
G Bin (^ + ^' + ^ 

w, if we conceive the plane J (7, always 



|inseiii^ thi-ougli llie |X)int A, to vai^ its 
]iosition. thatvtthieof E. correspoiidin^ t» 
ttie gi'enlCHl value ohlaint^ by tjio vonstnU' 
tion above, is the tbrusl nctimlly exerted 
fl}!aiuet the wall : for, if AC is the plai 
iu|iturc cotiffiiwndiiig to tliis greatest trial i 
thrust, any Iphh value of the rcsiHtaDW of | 
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the wall E will cause S to make an angle 
greater than tf) witb the noniial to AO, 
which (Art. 21) is in consistent with the 
law of stubility of u graniilur mnas (also 
see Art. 25) : bence. tin? least tbrust eon- 
Bisteot with equilibrium coiTesponds to the 
greatest value of E thus obtainecl ; and tbia 
IB the actual aclive thrust exei'tai against 
the wall, when the wall simply i-eaists the 
teiklency to ovt^'tiirning or sliiling on its 
haae, cnused by the tendency of tlie prism 
of rupture to descend. If there is a thrust 
exerted on the wall towards the earth, from 
any estemal force acting on tbe left of the 
wall, from left to right j then, if this be 
Bup|K>8ed to increase gj'adualJy, the active 
thrust of t!ie earth on the right is first 
overcome; then, as tlie external force 
increases, tlie directions of S, on all planes 
as AC^ approach tbe normals to those 
planes, pass them, and Sually the full passive 
reaiatance of some prism of earth to sliding 
upwards along its base is brought into 
play. The greatest resistance, E, to 
Bliding up tbe. base of some prism wliicli 
can be exerted ia that correatwnding to the 



least of the trial resUtaDces, E, obtained 
by suppoaiog the ixsition of the plane AC 
to vary, for S lying above the nomuil to 
AC at an angle ^ for eacb plane ; for if we 
suppose AC to represent the corresponding 
plaue of rnpture, if the external force, eqn&l 
to E, and acting from left to right, is in- 
creased, it oeeessarily causes the direction 
of S to make a greater angle than ^ with 
the correBix>n€ling normal, which is incoa- 
sistent with equilibrium (Art. 21). 

la this cJinpter we shall only consider 
the passive resistance of the wall to over- 
turning or sliding caused by the ai^ive 
thrust of the earth tending to descend, 
which is ail that is required in estimatjng 
the stability of retaining- walls. 

38. We shall now express the value of 
O for the earth-profile shown in Fig. 8, 
taken to represent the general case, and 
proceed to find the maximum value of E, 
for different trial-planes, which represents 
the actual thrust exerted against a stable 
wall. We shall suppose the true plane of 
rupture to intersect the part RT ot Mm 
bjuoGlei the line RY is then produced io 




B. 80 that tbe area .of the triaDgle ASC 
is equal to that of the jxilygou AFPQRC, 
which can be effected by ordinary geomet- 
rical meaos. The point B therefore does 
not eliange, as we sujipose the position of 
G to vary between R and Y. 




JLet us drop tlie pevjwndicular AT from 
A_ upon BY, and designating by e the 
vd^ht per cubic foot of earth, we have 

^F^r future convenience we have deaig- 
ii«it|e^, ill Fig. 8, the angle that AC makea 
wttb the vertical ui, and the angle that the 
inner face of the wall AF makes with the 
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vertical a; so that tlie angle ^ of (1) is 
now replaced by (lu + a) if the wall leaos 
forward, or by (oj — a) if the wall leans 
backwards. 

In Fig. 8, let uB draw the line CI, mak- 
ing the angle ACI = (tf, +_<},' + /S) = 
((^ 4- 1^' + ui + a) to inte.rsection C, with 
the liui? of uatiiral slope AD tlirougb A. 
If the wall leans backwards, 

ACI = (<l> + ,f>- + m ~ a). 

Since the angle (y — <^) t= CAI, we can 
replace the ratio of the sines in (1) by that 
of the sides opposite in the triangle ACI, 
or of CI to AI; so that, substituting the 
above value of Gf, we can write (1) in the 
following form : — 

CI 



: i e.AT.BC. 



AI 



(2). 



On drawing BO parallel to CI to inter- 
section with AD, we have, from this 
relation and the simitar triangles, BOD 
and CID, 

BO. 



BC = BD. 



OD 



CI = ID. 



OD' 
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-K^'w^} 



.(3). 



which substituted in (2) gives, 

'A T.BD.B O\ OLID 

The terms in t!ie ( ) remain constant as 
we vary the poaition of AC- For brevity, 
call M =x,AD = (I, AO = b; then wo 
can write llie variable terra, 

AI X X 

irhioh is a maximum for x = yob, as we 
find by plaeing its firat derivative equal to 
zero. This value of x substituted in the 
variable term gives, 

. + 6-2va=<''-V°'>'; 
a 

BO that tbe actual tbtust E on the wall can 

be written, — 

^^ /AT.BD.BO\{a-^^by ^.^ 

Now, drawing the perpendiculars BJT and 
CH from B and C upon AD, we observe 
that since the angle ACH =<.! + (/> {AG 
makes the angle (u with a vertical at (7, 



I and CH malteB the angle ^ with tliis Bame 
veilical, since the sides are respectively peh 
peadicularlo tlioseof the angle DAJ=^\ 
and the whole angle ^C/=(w+(^+0'+a). 
it follows that the angle HCt = NBO = 
(0' + a) as marked, if the wall leans 
forwanla ; othij™isefiC/=JV£0=(^'-a), 
since ACT is then equal to (m+^+^'— o), 
oe previously observed. 

To reduce (4) to a simpler form, we 
remark that AT.BD represents double 
the area of the triangle ABD, and can be 
replaced by AD.BN = AD.BO tm OBS; 
which gives 



AT.BD.BO _ ^ ^ gg^ 

ml' 


m 


■' 


B=ie. 


c„ 0..(g^)- 








(n-\ra) 


• . . . 


(6). 


(ow, fron 


similar triangles, 


BOD, 


aiD, 



^ the above expression, and this In turn in 
ti(4), we have, notiug that (a — VoS) 
L (a — a:) =s ID, the very aimple fonaida) 
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E = ie. cos (tf)' + a) CP .. . (6). 
It Is to he remarked, that, if the wall leans 
backwards, cos (<ft' + a) is to be replaced 
in this formula l.iy cos {<}>' — a) ; farther, 
if we lay off IL = 10 on the line lA, aod 
draw ft line from L to C, the thrust E is 
exactly represented by tlie area of the 
triangle ICL multiplied by e, tbe weiglit 
per cnbic foot of the earth. 

39. This simple conclusion baa been 
previously reached, in an entirely different 
manner, by Weyraucb (see "Van Nostrand's 
Magazine " for April, 1880, p. 270), wbo 
states that Rcbhahn in 1871 found a similar 
result, assuming, however, that i^' = 0, or 
iji' = ^ (for the s|)ecial caaes of earth-level 
at top. or sloping at the angle of repose, I 
infer). 

Recurring now to the fact, that for the 
true plane of rupture we found 

X = AI= V<^ =^ y/lW.AO, 
and that angle .VBO = {4>' + a) or (0' - a) , 
according as, the wall leans furwai-ds or 
backwards, we have the following simple 
oonatruction to find the plane of rupture 



wid earth-thraat E, as 'given by ffeyrancll 
in 16TS, for a uniform slope and wall lean- 
ing forward. 

Having found the point B on tbe pro- 
longation of the line R Y, which it is thought 
will be intersected by the plane of rupture, 
80 that area ABR = area AFPQB, we 
nest draw BO, making the angle S'BO 
with the normal to the line of natural slope 
AD. equal to (^' + a) or ((^' — a), ac- 
cording as the inner face of the wall lies to 
the left or to the right of the vertical through 
A (replace <{>' by t}> whenever ^' > tf>) \ thea 
erect a perpendicular at to AD to inter- 
section M, with ttie aemicircle described 
upon AD as a diameter, and lay off AI =• 
chord AM, since AI = '^AO.AD; neStt 
draw IC parallel to OB to intersection 
with the top slope, whence AC will be the 
plane of rupture if the point C falls npon 
JiFas assumed; otherwise another plane, 
as yZ, will have to be assumed as con- 
taining the point C, and the construction 
effected as before. 

Having found C in this manner, E can 
be compnted from (1), since (? = J AT.BO 



fe DOW known ; or by measuring CI to scale, 
E ean be foomi directly from (G). 

This grapliieal eonatruction is more rapid 
and accurate in working than the methods 
of the preceding chapter, and ia superior to 
Foncelet's construction, in taking less space 
to effect. 

In surcharged walls, the point B will 
generally lie to tbe right of AF. Thus, in 
Fig. 4 the upper line 26 is extended to 
the left ; from a line ia then drawn parallel 
to Ai to intersection 0' with the Hue 2S 
extended. The iwint 0' thus found con^e- 
eponds to the point B of Fig. 8. 

40. The construction ia true whether the 
earth -surface slopes upwards or downwai-dh 
from the top of the wall. 

In the latter case, if the surface, say BD, 
falle upon the line BO, the construction fails ; 
but a formula given farther on gives the 
value of E. 

If the surface BD falls below BO, it is 
easily seen, on drawing a figure, that all the 
previous equations hold, and we reach the 
same eonclnsiuu as before, AI = '^ AD.AO ; 
only as ^10 uow is larger than AD, the 



semicircle muBt be described upon AO as 
a diameter, and the perpendicular to the 
poiDt M erected at D ; or AI can be odoa- 
lated if preferred. If the points 0, I, 
and D aie near togethei', it will be best to 
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, since 



compate BC from BC = ^O. -, 

the tei-ms in the rigbt member caa be meas- 
ured to scale. 

41. Position of the Limiting Plane. — In 
Fig. 9, let BD represent the earth -surface, 
uniformly sloping at the angle i to the 
bomontal, of an unlimited mass of eartll 
(Art, 9) , in which Hie pressure on a vertical 
plane, AB. can be taken as parallel to the 
surface BD. Let ^ZJ represent the line 
of natural slope; it is required to find the 
position of the plane of rupture AC, corre- 
sponding to the thrust E, acting above the 
horizontal at the angle i, and of couise 
balancing the opposed thrust of the e&i^ 
to the leftof vlB. ^^ 

On referring to Fig. 7, it is seen that equa- 
tion (1) holds on replacing the denomiD|tt(ff 
of the right mt- jer by sin {/3 + 6 - i). 
Therefore, in Fig. 8, the angle ACI must 



now be laid off equal to (/3 + ^ — 0. 
whence the line CI falls below C//, aod 
BO below BN, both being inotined to these 
normala at the aame angle, <^'+a = (■ + = i. 
With tills exception, the above deinon- 
■irtration holds througliout, iind we reach the 




foUowiog constniction to flod the poiut C. 
From B draw BO, making the aogle i below 
the normal BN to AD, or preferably making 
the angle (0 — i) with the vertical AB, to 
tritei-sectioo with AD. From draw 
OJIf perpend lent ar to At) to intersection J 
WitJi the aemicLrcle descri^ied upou AD a 
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diameter ; lay off AI along AD, equal to 
chord AM, and from I draw a piirallel to 
BO lo intersection C with the top slope 
BD. The plane ^ C is the plane of 
rupturu, or the limUing plane of Art. 28, 
which see. 

If the inuer face of the wall lias below 
AC, then (Art. 28) the thru8t=?e. oos i. UI' 
on AB is computed, and, regarded as acting 
parallel to BD, from left to right, is com- 
bined with the weight of the eaith and wall 
to the riglit of AB to find the true reeultaot 
on the liiise of the wall. 

If the wall lies between AB and AO, the 
constructions of Arts. 37 and 38 are used. 

To be as accurate as possible in these, as 
in all constructioDS, true straigitt edges (w 
botli ruler and triangle are imperative. 
Lay off all angles, including riglit angles, 
by aid of a beam compass to a large radius, 
say ten inches, using a table of chords (ex- 
cept for the right angle) and an accurate 
linear scale. With all care, the angles 
BAC thus found can scarcely he counted 
on to nearer than ten minutes, which, bow- 
ever, Is sufficiently accurate. 
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Id tlie table below will be fouod, for 
various iDclmations i, tlie values of the 
angle BAC tlaat tlic limiting plane makes 
with the vertical ; also the co-efficieut K 
(aee Art. 12), or the thrust on JS = J« 
COS t UI\ wlieo AB and e are botli taken 
as uufty, ma<ie out for eurth wJiieh naturally 
takes a slope of ouc and a half to oue, or 
whose angle of repose is 33° 42'. 

The value of A' agrees fiirly well with 
calculatioa, the last figure not diSeriog 
more than one or ttvo, at the outside, from 
the results of Art. 47, 

From the construction we aee that as i 
approachea^indefinitely. BA(7tenda tozero 
and E approaches the limit ^ cos i^. .'[S*, 
as given by analysis. The increase of thrust 
is t-eiy rapid from i =30° to * =^=33" 42'. 
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42. Uniform Top Slojye ; Formula 
Earth-thrust. — When tlie apper surfal 
the earth slopes auiformly at the augte 
tbe horizontal, it ia eiusy to deduce 
what precedes a general formula for 
thrust exerted by it. Fig. 10 repreaei 



^ta-io 




retaining- wall leaning towards the 
We shall flmt deduce a formula for 
case, when it will be observed, as we 
ceed. that the same formula holds, " 
the wall leans forward, on simply chu 

■,to(-.). 

In this case, we not^ from Fig. It 
following values for the angles: — 



^^ 
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NBO = 


*'-", 


ADO = 


* + *', 


AOB = 


90 - (f - 


ADB = 


*-i, 


ABD = 


90 + . + < 


BAO = 


90 - (* + 




Finally, designate by I the length AB from 
the iaiier toe to wliere the inner face of tlie 
wall intersecte the top slope, and by A Ita 
oorrespoDdii^ vettical prajectioa. 

From formula (5) we deduce, remeio- 
bering that OD =^ ^a - b), 



£ = i«.] 



'■[^J- 



sOBN... (7). 



e the [ 3 as follows : — 



Wl 



'\fl'" 



-\/!' 



And ite vfilue in terms 



B functions of known angles, we have 
ffom the triangles AOB and ABD by the 
F of fiines, 



4 

ma 1 




^B COS (0' - «)' ^LD coa(a + () 

On multiplying theae two eqnalJODS to- 
I gether, and extracting the square root, we 
find, 






I' COS C^'-a) COS (a + 

Again, fi-ora the triangle BOA, we have, 



Substituting these values in (7) , ttnd putting 
OBy = COS {_<!>' — a) for this case, and 
we have flnaUy, 



■i'^i^)' 



2 cos (<^' - a) ^ 

I COS a, we likewise have, 



/ cos (0 + a) y 

V(7H-l)coa 






■ (10). 



If we term the co-eflicient of eA* in (10), 
r, we can write this formula, 

B = Kelt' . . . (11) 
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In which, for walla letiiiing backwards, a 
Fig. 10, 

...(laVl 



JC f "" (■» 



n+l) coaa/ 2o 



(8). 



where n has the value giv 

For walls leaning forwards, we fSisWy note % 
the changes io the aoglea used, and can J 
verify that formula (U) obtaius; bafrf 

DOW, 



VCw + l)cOBay 2C0S( 



/ sin (0 + j,') sin (0 ^ _ 



.(13); 



■ (14) : 



(0' + a) <^{a~i) 
which we obtain from the old values by 
Bunply changing a lo (— a)- 
It is to be observed, for all cases, that 
when 0' > that we must replace 0' iu all 
tiie formulas by 0. 

These formulae are ideutical with those of 
Bresse (" Coura de M^caoique Appliqu(5e," 
'Vol. I- 3d ed.) aD<l Weyranch, for the 
case of the wall leaning forward, the oaly 
' cases examined by them. Bresse uses the 




Poncelet method for tlie general caae, which 
leads to Poncciet's celebrated construction. 
The routes piirauett by tl^eae authors is dif- 
ferent from, tiiat given abot'e, the method 
of Weyrauch, in pai-ticular, being much 
more complicated ; still, all three metlioda 
lead to precisely the same foraiula, so that 
it must be couaidcred as established beyond 
question. 

Weyrauch, too, in subsequent reductions, 
follows Rankine as to the direction of the 
earth-thrust againet tlie irall, whereas Brcsse 
takes it as above. The case of the "limit- 
ing plane " is not considered by either. 

43. The case where the top surfaep slopes 
downwai-ds to the rear is verj' rarely niet 
with in practice. The previous formula 
apply though directly on simply changing i 
to (— '), sUice it is seen that niigie ^iDB 
= {(f, + i) and augle ABD = 90 -H (a-t), 

and the ratio -. — is uow equal to ^ — ^ttI L 
AD cos(a-0 

44. Earth Level at Top; Back of Wall 
Vertical. — For the earth level at top, back 
of wall vertical, and 0' = as usually 

■ -tarkcn, the formula (II) takes a very simple 




form. Here we have a 

whence, 



= 0, 



cos <!> 

COS 



FTa-eA*. 



J 4>^i, 



■ (15). 



^^Hor ^' ^ 0, which corresponda to a per-- 

^^^fictly smooth umll, or otherwise may refer 

to the direction of the pressure on a verticul 

plBjie in a mass of earth of indefinite extent, 

level on top (Art, 9) , we have, when o ^ 0' 

I and t = 0, 7i = sin ^ and, 



Q_^ eh^ 



. {16>.. 



1 + sin <^ 

= tan' (45= -|y 

i equality of the two co-efficieuts of 

B (16) is easUy verified from tiie kuown- 

i&ula, 

tan'' i (a:) = ' ■ ^ -■ '"^ - 
1 + COS a: 

bitting (90 — ^) foriE in both members'. 
^erring to Fig. 7, and regarding AF 
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rertical, the top enrface Iiorizoatal, snd 

0' = 0, we note that G = ^ . h^ tan ^ and I 

E = -K' tan ^ tan (y — i^), in whicb y = 

90 — ^. Now, this result mnst agree witfi 
the right member of (16), which is only 
possible when ^ = Ub - ^\ or 2^ =. 

(90—1^) ; whence it follows that for ^'=0^, 
a = 0, i ^ 0, as assumed, the plane of 
rupture bisects Ike angle between the vertical 
ani the Une of natural slope. 

45. Earth slicing at the Angle of Itepose^ 
— For this case we shall assume a =0 a,oS 
0' = in addition to i = <fi, whence n = 
and, 



2.e/-^ 



. . (17), 



M'fosnd in a different manner In Art. 41- 
"This simple formula can likewlae te 

deduced directly from equation (1) otAA 
37, referring to Fig. 7, 

_ ain (y — tf)) _ eo3 (g 

sin (^ + </)' + /3) 





On Bubstituling the value of G, which is 
easily fouud for this ease to be, 

eh* _ sip ff CQ9 1^ eh* 
P 2 ~ COS + (f>) 2' 



cot^ 



gfiad for the trial thrust, 



3 COS <ft eh' 



1 (20 + /3) 



C03 1^ eA^ 

a 20 cot ^ + cos 20 2 ' 



we fine 

I 

^^^Kow, by the reasaning of Art. 37, the 
true thrust ia the greatest value the above 
expresaion can have, as j8 varies, and its 
greatest value con-eaix>nds to ^ = i)0 — ; 
for then cot ^ ia least, aorl E greatest, since 
cot p is in the denominator. On substitut- 
iog this value a einiplu reduction gives 
£ = I eo3 . eA' as found above in (17). 
8iuce we have just fouud, for this case, 
that = 91) — 0, it follows that the surface 
of rupture couiciries iBttk the natftral slope. 
The value of E from equation (1) in this 
case assumes the form x oo, since Q 
becomes infinite for an indefinitely slopiiy 
surface ; but on reducing to the form abor 
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we easUy see the limit that £ approacbra 
indeiluiU'ly, which is its trae value. The 
coUBti'Uctiou of Art. '69 fuils for thia case, 
but the one of Art. 41 leads directly to (17). 

46. I'ressure of Fluids. — The general 
formula (9) above is true, uo matter Iww 
small the angle of reiioae tf) becxtmea, and 
must approacli indefinitely the expression 
for the pressure of liquids, us and 0' 
tend towards zero ; so that at tlie limit, for 
(^ = 0' = i = 0, we liave the normal tbrast 
of a liquid whose weight per cubic foot 
ise, 

£ = i e? cos a = I e/t" sec a . . . (IS), 
a well-known formula. By Art. 44 we see 
that for = 0, 2/3 = 00, or the plane of 
ruptui'e approaclies an iuclinatiou of 45° aa 
appraaches zero indefiuitely. 

47. Rankine'H Formula for tlie Ear^ ' 
thrust OH a Vertical Plane, in an hulefinite 
Mass, sloping uniformii/. — In Art. 9 wo 
have stated the conditions that such a maei^ 
must satisfy in onler that the pressure on a 
vertical plane, whose intersection with tbe 
top slope is a horizontal line, may be 
parallel to the line of greatest decliril^. 
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Also in Art, 28 we have Been, that, 
the wall face lies below the limiting plane, 
this dircutioQ of the thrust is the true one 
on a vertical plane, passing through the 
inner toe of the wall. 

We have a = 0, <f>' = i, and { = h, which 
gives in formnla (!)), 



when 1 



E -- 



eW 



1/ 



_ /sin (^ + ain ( 



Wlience, 



eft» 



(cos i -fVcos't ~ co8''^)' ^ 
Sow, since we can write, 
, ;coe' ^ = (coe i' + V'uos' i —. cos* ^) 
X (cos i — Vcoa' i — coB^ ^) . 
the above value becomes, on Striking C 




V'coa-'i 



- cos- <j> 



which is Rankine'B well-known formuUi (or 
earth pressure. 

Now since Rankine's foi'mula was Framcni 
witboiit the use of any assumption, as (Imt 
of a plane of rupture, and is accepted m 
correct for the ciise in question, it foIlowHi 
that, when the pt'essuro is assumed to be 
parallel to the siii'faee, tlie aasuntptioa tbst 
the surface of rujjture is a plane will gi4t 
correct results, nml can be safely used in 
the graphical metliod which is absolutel; 
dependent on it. 

It will be observed Uiat formulK (J6) 
and (17) can be deduced directly froiB (19i} 
by makuig t = and t = <}> respectiveiy, 
Kanhine has given a simple graphical eoOt 
Btruction of the litst fraction in (19) inlrif 
"Civil Engineering," which saves labor in 
computing. 

48. Utiit Pressiires on a Vertical PlWM 
at Deplh X below a uniformly Slopijig Stair 
/ace, the Direction of the Pressure beai§ 



w 
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fetiben Paralld to the Line of Grea/est J)e- 
divUy. — Aa in Art. 35 we shall consider a 
wedge of thrust of iuSnitesiinal dimenaions, 
of which the left face AB (Fig. 10) is 
vei-ticaJ and equal to unity, and the upper 
surface parallel to the top slope. The 
weight of the vertical prism that rests upou 
ftcy trial base as BC is, e. BO. cos i. x. = 
«. AT. BG. X (Fig. 9) ; so that neglecting 
tbe weight of the inliniti'ly small wedge ABG 
we get the value of E from equation (1) of 
Art. 37 by simply replacing O by this valuei 
Equation (2) of Art, 38 is thus replaced by 

E ^ex.AT.BC^, 

wbicb is exactly that given in Art. 38 multi- 
pUed by tlie constant 2x, All the subsequent 
reductions, therefore, liold if we simply put 
A:z3 { = 1 iu the final e<|Uatious, and multi- 
ply the result by 2x. Hence in ( 19) above, 
oa'cUacging the co-efflcient -ft" to ex, we 

have the intensity of tbe presaore at a 
depth x; and on integrating this expression, 
multiplied by dx between tbe limits o and A, 
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(re are at once conducted to (19), which is 
thus proved true by tlie method of iut«grtir 
tion of the eEFects of e&Ttb particles, wlitcii 
is independent of the assumption of a plane 
surface of rupture extending to the surfaoe.. 
Precisely tha same conclusions hold Jbr & 
vertical wcdt, or one leaning forward s, when 
E ia assumed to vuiku iJie a.ngle. <f>' or ^ mith. 
the normal lo the loall, since Gr is siinplv 
replaced as before by the weight of (1^ 
vertical priam for a uniform top slopeytoji^ 
nltimatcly we replace A" by 2a! in the geBefal 
formula (1 1) to get tlie luteusity of presainfi 
in the direction given, at the depth x froip, 
the surface, so that on integrating as before 
we deduce (U) without the ueceaaity of. 
considering the surface of rupture as 
extending to the surface. The graphlcfd 
method, using this hypotbesiB, should ogsltf' 
give good results. It is possible tl)ougb;-11t! 
tills case, that the influence of the mill 
friction may have some effect in deHectips 
the weights of the vertical prisms from a 
vertical line ; for, when it is so traasmittedi 
the usual direction of the pressure is iJoraUt^ 
to the surface (Art. 9) . For tcoas Udimg 
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backwards the prisms do not rest vertically 
over the bases of the priams of tbrast, and 
the theory would seem to be inapplicable ; 
so that the formulte for this case, {S) and 
(9), have to rest upoo the unproved 
hypothesis of a plane surface of rupture 
exteuding to the surface, and may depart 
considerably from the truth. AVe conclude, 
that, except for the cases for which 
Bankine's formula is applicable, the plaue 
surface of rupture is still an unproved 
hj^pothesis. 

49. Point of Application of the TJirust; 
ttniform Slojie. — We have the thniat by 
(11), whetlier the wall inclines forward or 
backward or is vertical, expressed by the 
relation, 

£ = A'e/i', 

whence the thrust on the area dA x 1 is 
nearly 

dE = 2Kehdh, 

aUd the vertical distance from where the 
inner face of the wall intersects the top 
slope to the centre of pressure is equal to 
the limit of the Bum of the elementary 



■UpGedbTtl 



I9 tb» tntid p w Mttra , or, 

*fi>/fcVfc , 
— ^i^V: — = ?*? " 



^ nrtfcsBj abon tbe base. 

SO. SwrcAtnTT nni/brmly dutribuJed. 
It tbe lUlili^ o( height A has a horixODtl 
■urfMec opoii which & ooifonn load of 1 
ktiKl rrate. [«[iUce its weight b^ that of 
e(|uU-»Wnt qnantity of earth, giving tl 
btttvl lotH.1 Um same, and call the height 1 
tlr reduced load h'. Tbe total presaure ( 
tho viTtlval wall of h«tgbt h ts oow ' 

E = Kr ((.ft + ft')' - h'') = Keh (ft + Sft" 
whoncfl. 

df: = A>.2 (ft + ft') dA; 

mill the distanw of the centre of 
tmiii tlio top of tbe wall downwaids ia, 



2/V' + ^0^ ^ftm^fSft: 

ft(ft + 2A') sVa 

r from ttiu base of the widl upwards, 



+ 21'')' 



3/i 4- 6A' \ AH- 2h.') s' 
It ie more than probftblc that tlie theory 
for tliiB case will prove illusory in practice. 
and will give a large ctccbs of pressure : 
80 that, most frequently, such surcliarajed 
loads are ortliuarily allowed for by a lai^e 
factor of safety, particularly where the earth 
is bound by cross-ties, stringers, etc., or 
tbe surcharge is not free to move laterally 
as well OS vertically. 

51. Momenta of the Thrust aboitt the 
Inner Toe of Ihe Waii. — Let us decompose 
Ih^ thrust H against the wuU into two com- 
ponents, £j and E,, respectively normal to 
and. acting along the inner face of the wall. 
If E makes the analu ^' with the normal 
to the wall, we have, from, S = Keh"^, 

,„ JEi = E COS <l>' = i'cos (p'.eli'; 

or patting, 1C^ = Kcoa <^' 

we have, E^ = iC, ek"; 

also, E^ = B sin 0' = E^ tan i^' 

It ia understood in these formulffi, 
when ^' > 0, we mast replace i^' liy i^, 



y\ 
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If the inner face of the wall makes an 
I angle a with the vertical, we have the throat 
[ acting at a distance cl = eft sec a from the 
I inner toe of the wall, where c = j^ by theorj 
[ for a uniform slope ; therefore, tlie moment 
r of the thrust about the iiuier toe of the 
a/{ is E, cl, since the motneht of E^ ia 
o ; or putting for abbreviation, 
m = C K^Kc a 
we have, 
Jf = ^1 c7i sec a = c lijSec a . e/i* s= mek*. 

The two formiilaa for the normal compo- 
nent of the tliruat anti moment, E, = A'^e/i' 
and JU T= m,eh' will be used tlii'oughout the 
nest chapter, aa aemi-eiiipirical formula, 
in which the conataota c. A'p and m &k to 
be deterrainetl by experiment ; and it ia well 
to recall tlmt /t repreaeuts the vertical height 
from the inner toe of the wall to where the 
line of the inner face pierces the top but- 
L^fitce of the earth backing, and that e repre* 
Isents the weight per cubic foot of earth. 




The Practical Designing of Retaining -Walls. 

52. ExpuRiMENTs iipou ear th- press n re 
have lieen made hy a mmiher of engineere 
aotl others at various times, but none have 
approached in compieteiiesa those made by 
M. M. L, Lejgue, and described in 
" Aniiales des I'oiits et Cliauas^ea" for 
November, liSSo. From them, in fact, can 
he deduced, for the materials used, a com- 
plete method for tiie practieal designing of 

' ivtaining- walls, as will be more fully appre- 
oialed as we proceed. We only have space 
to indicate the more impoitant results, 
which are given briefly below. 

53. Cohesion. — Leygne first proved that 
cohesion in a mass of sand docs exist, but 1 
that for this material it can often be neg- 1 



leoted ID comparisoD with friction. Thna for 
a vorticul iniiBs about a foot Uigh, and ten 
I tquore feet base, tbu ratio of tbe reaistance 




.em ■* 



of coheBion to friction, to sliding on the 
base, IB only one-t^ntb. 

fi4. ThePrismofSuptnre, — To obBfim 
tiie movement of the sand at tbe moment ot 
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sliding or overturuliig of the retain ing-wall, 
a wooden bos was used (Pig- H), 1.31 feet 
long, 2.62 feet wide, and 2.4 feet high, 
open above and in f I'ont, but with glass sides. 
Movable boai-ds in front, pivoted at the 
bottom, i-epreseut llie retaining-walla. They 
were 1.22 to 1.3 feet long, and 0.66 to 0.82 
feet high, and were firet put at the inclina- 
tion desired, when the sand (whose natural 
slope was one and a half base to one rise) 
was placed in tlie box behind them. To 
note the relative movement of the grains of 
gand, as the wall moves over, thin horizon- 
tal strata of tokile plaster pulverized were 
interposed in the mass of gray sand at vari- 
ous heights. 

In all the Dxperiments, narrow strips of 
paper, bent at a right angle, were placed 
over the joints to keep out grains of sand, 
and allow of free overturning or sliding. 

As the retaining- hoard was moved over, 
the following facts wei'e observed : — 

^l of the parttdes lying lieltoeen the icaJl 
and a convex surface (shown by a dotted 
line in the figure) moved parallel to this 
aurface, which may be called the surface o/"^ 
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niplwv, Tliis curve waa determioed by 
noting where the lliin layers of plaster be- 
gan to break, which was easily done ; it 
ramained invni'iable as the rotatioa of the 
wall was iucreased, even up to 30° for a 
borizoDtal surface «f earth ; but ou couj- 
pleting the rotation by iowcnng the retain- 
iag-board to the horizontal, the curve moved 
slightly to the rear, and the earth finally 
took its natural slope. Ju this first move- 
ment, the partielea, moving all paiitllel to 
the surface of rupture, had velocities pro- 
portional to theii' distances from this surface, 
la fact, since the mass to the left of the 
curved surface was invariable during a part 
of the rotation, it follows that the areas of 
the triangular bases remained constaut, and 
that their vertices (the intersection of Ibe 
surface of earth with the wall) must move 
parallel to the cuiTed surface of rupture^ ■ 
TJie full frkCioa of the mrth uxis caarted 
against (he wall, so much so, in fact, as tio 
raise the earth next the wall slightly, aud 
thereby diminish its density. 

The convex surface of rupture, roughly 
speaking, bisects the distance from wbere 
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the upper anrface mei-ts the wall, to wheti 
the horizontal tlirougli the laat point 
meets the line of natural slope through the 
foot of the wall ; thus for high Burcbargea 
difftiiing essentidlT from theory. 

The Bailie conclusions were found to hold 
when the retaining- wall wna moved parallel 
to itself, except tbiit the curve of disJuQC- 
tion tendml from titc start to move towards 
the interioi' of the mass. 

Similar eouclusioris were found to hold 
for roiliet seed or foi' large rocka as bacb- 
iog ; and the surfnees of l!ie bases of the 
prisms of rupture wpre found to l>e similar 
figures for heights rnryiug from 0.66 to 
6.66 feet, so tbiit their areas can be sup- 
posed to vai-y directly as the squares of 
their heights in accordance with theory. 

■The anple of friction of eartli on the 
rough wooden board was found to be 
^.= 39% for eartU on glass <f>' = 24° 30'; 
•ad yet, when a glass wall was used, the 
Attifoces of the mass of rupture weiv in- 
creased only about six per cent, or they 
were practically tiic same. 

These surfaces for millet seed, whose I 
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w wM oae-faklf h&ae to one Twe, ' 
» lliuljF'-scveB |wi (vnt greater than for 
A wtti It horixoMA] tap surface, and abont 
Aoabk for « sortli»{rc sk^Ni^ at one-half lo 
one. The foBovng table gires the values 
«( >'«•() y {f^. 11) fori = 1 for different 
WIteatkwn of tiie mrcbarse t to the bori- 
KhMmL Mid iadiwdMBB « of tbe wall to tfae 
vertkul. couDied pouChv where the wall is 
to tlw Ticht -at ikte Tettieal or leans tow&lds 
ttic mnlK and Bf^alive wben to the left ; : 
aW lite jjim a wii dtpaittnv / of tfas curve 
of ilisj«MK4iiia Iron its cbord, awl the areu 
of the Iwaes of the pnsna of nfiOire, all 
rrfiNTiD^ U* «M)d wluae aa^ of repaa^ mam 
^* ;UI*4S', or a ^ope Of 1^ to 1: — 
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O.IKXt 


1.002 
I..574 


O.O-jB 
0.040 


.454 
.319 














0.716 


L437 


0. 


.2ao 



For nny value of A as 3, we find the eor- 

respondiiig valnea of a:, y, and / by multiply- 
ing the tabular values by 3, and for the arena 
6y multiplying by 3' = il. Intermediate 
values are easily obtainwi by Interpol at iou. 
55. Surcliarge uniformly distributed. — 
If we conceive a vertical wall backed by 
earth level with its top, of height h, with a 
further surchai^e of earth vertically over 
&e first of a uniform heitrht h', and pre- 
vanted from spreading by the sides of tlie 



bor. 
prolt 

hare tbe 
the lower waB 

eecnped from uiuiec Ae otfaar. «i 
6tce of ravinire. wbieb stilt po^ 
Cbfr fisot of ttie lumr wall, waa no lo^«t 
to^d to Ixe a simpl*; mnr^ cnrvei Tbt 
lawn part was as before ; but D«ar the tep 
(>< Ww lower wafi it deHectni neaii; v«r& 
c&lh Byi*tinl« for & shon dbtaaw. Hl^ 
th^B asfiui tawanis tbe iutanor. thoe p» 
seating two poLnta of imllectiaa, aad giwin^ 
& Btueb lees surf:ii.-e of raptuie than tbeoij 
mMlil :<eeiD to (leniikuiL It w troe. Unogbi 
that KKck of the weight ot the sncQlutgt 
wM held bv frictioa bj the upper w&U, M 
that theory no longer applies. ( Soe expen- 
■ents recordeil in ■' £ngine«iag New*" 
for Mat 16 uu) 29, 1886, siviog. b^ MJ^hs 
ing. tb« ^XACt we^ht of sand hekl up. by 
tbe sides of a lux when the bottoia w» 
padtuklly kMTMetl.) 

AC. Values of the MftmeiU vt a» obtmitmA 
bg ErperiiMnt. — To aHcertaio the OMuaeiU 
^Ibe wtfth-thrnst ^ainat tbe Coot dl)Uae 
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inner face of the retaiDing-board (Fig. 11), 
the force applied at the upper end of the 
frame constituting the extension of the 
board, aud peqjendiculai' to ita direction, 
that was neceuBary for exact equilihriuin, 
aa overturning was just alwul to l>egiu, wna 
measured by tlie tfusioii of a rope passing 
aver one or two pulleys, and wi'ighted *t 
the further end by a, weight F. The neiglit 
of the board and frame, when inclineil, was 
balanced hy the puU of a roj>e at top.i 
Allowing for the frictiou of the pulleys, as 
found by uxperiment the i-esisting force 
applied at the top of tlie frame, 2.46 feet 
from the toe of the wall, was 1.05 F on an 
avei'age. and its moment al)oiit tlie toe was 
1.05 F X 2.46. This must balance the 
moment of the earth-thrust, whieh, for a 
length |)ri?ssed of 1.3 feet, would be, if 
the sides of the box did not cause friction, 
meft* X 1.3 (Art 51), whence m = l.iB4F, 
OD Bulwti tilting the numerical values given. 
But the lateral pressure of the sand against 
the sides of the box causes friction, and 
thus binders the forward motiou of the sand, 
and thus diminishes the thi-ust. To estimate 
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ite influence, Leygue follows Darwin's plaa 
of meaauiiog the force F' (eorresponding 
to F) when a partition -board of tliiekneM I 
is .placed perpendicular to the wait, ud 
centrally in the mass- As the retaining- 
Imard does not receive the full pressnrs on 
its length, 1.3 feet, which call d, we can 
snppoee, for no oentral board, tlie thrust 
eserted on a leas !cDglh hi = {d —2x) to 
Oorres]X)nd to a fall thrust if the sides 
exerted no iufluence. Here A. is a co-^oieiK 
of contrat'tiou analogous to that used in tbe 
case of liquids, and x represents the total 
contraction caused hy one side of the 'bos. 
The ratio of the forces F and F' will, 
therefore, i»e, 

F rf -2ai 



since the full thmst, when the eentre bOBrt 
is used, acts only on the length (d~t — .4«) 
as tbe influence of the friction of four nds 
walls has now to be considered. Tbe forces 
F and F' were directly measured, and tl»e 
values of x found from the last equntioBi 
phicb, substituted in the preceding equatioui 



gave the co-effldents of contratttion \. For 
ICTol-topped eartb \ was found to amount ' 

to 6^T ajui for the surface sloping at the 
aDgle of repoae to as much as ly%. which I 

illoatratea the marked iiiflueuce of coimler- 
I forts in diminiBhing the actual thrust exerted ' 

against the face wall, The results cau be 
representeil hy the formula, 

A = 0.135 (7— tan i) ; 

hence the true value of wi, corresponding to 
the full thrust if there were no side walla, 
is to be found from the equation, . 

1.05 F X 2.46 

= 1.3 X meh* X 0.135 (7 - tan i). 

57. The values of F, as found by experi- 
ment, corresponding to ft = 0.66 feet or 
less, and c = 89 pounds per cubic foot, 
enable us to compute the values of m given 
in the next table. 

The values of m for millet-seed, whose 
angle of repose is 26" 34', or tan </> = ^. 
are likewise inserted, being obtamed by 
experiment in the wa; indicated above. 



58, To these moet valuable observations 
are to l>e adderl tliose of Mr. Geoi^ 
Darwio, Trinity College, Cambi-idge, made 
in a box 0.T2 feet long, l.S feet liigli, and 
foot wide, aft«r tlie mannei' explained above. 

Vertical teall, baeJctng in horigcm.' 
tat iaijert not compacted . . . if=0.08D<i' 

Do. compacted filling M= .OSS df 

Vertical wall, backing sloping back- 
wards at3to2. M= .QSftM/ 

Do. layersslopingupwarJ9at3lo2, M= .OSlSei^ 

Mean for loose earth ir= 0.030 rf 

The co-efflcicnt 0.030 is the same bs tbst' 



given above for level-topped earth ; hut for & 
surcharge sloping at the angle of repose 33° 
42') Ujc Dftrwin found m = 0.04S, whereas 
Leygue's coiiatant = 0.065. Leygue sug- 
gests that this ditTereoce is to he aeconnted 
for from the smalt size of the box, which 
caaa(.><.l the prism oC thrust to be truncated. 
It is doubtful whether Leygue's cojistaut 
)b great enough for a mass sloping iudefi- 
sitely, for the prism of rupture for earth at 
the natural slope was barely <.-Diitained iu 
his box. Still, theory does not indicate a 
marked increase in the thrust for very high 

' surcharges, over those alxiot equal to the 
height of wall ; but we have seen m Art. 41 
(hat theory gives, for the surface sloping at 
tbc' angle of repose, 33° 42', a thrust nearly 
double that corresponding to a surface 
elope of only 7° less in place of the ratio 
. 65 to 47 given in tlie table. It is just here 

■ that we sl)ould expect, and will find, the 
greatest divergencies Ijetween theoiy and 
experiment: for cohesion is much more 
marked for a long surface of nipture than 
for a short one. which doubtless causes the 
surface of ruptui-e in the experiments t^ 
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lie much nearer the vertical than theorj 
would indicate. This divergence Isecooiw 
Btill more marked for walls leaniiig baclt- 
wards, as we shall see farther od. 

59. Theexperimeutaof M. Gobin (18§3) 
wore of the same character m tboee.of 
Darwin and Leygue, though iiot so esl£n- 
sive as those of the latter. Leygue'a r&- 
suits are about 14% inferior to Gobin's, 
which Leygue asserts is dile to the stiCFnest 
of the cards used, and the large (20^^ of 
the load) friction resistance of the pulleysi 
the stiffness of the hinges used at the foot 
of the l>oard, manner of filling in, and 
lastly the appreciation of the instant of 
sensible movement. , , 

60. Dii-ert Sstimation of the Ifbrmai 
Component of IJie Earlh-TImist, anil of\itf 
Point of ApiHication. — To estimate the 
normal component of the thrust, the same 
box (Fig. U) was used; but the single 
boai-d was replaced by a frame containing: 
two parallel boards separated by springs, 
whose compression gave a direct measure 
of the thrust. The normal comimneot (if 
the weight of the inner movable panel was 
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eqalllbrated by the pull of a roi^e pasaiug 
over a pulley wheu tbc panel was iudined 
to the rear, aiid directly measured by the 
springs, aod allowed for wheu it was incliued 
foi'ward. The movable pauel was likewise 
equilibrated for tbe friction caused by the 
rubbiug of tbe earth ia its double move- 
ment of Binking and trauslatioD, by the pull 
of ropes acting upwards iu tbe plane of the 
panel, which thus prevented tlie sorapiug 
of the panel on tlie bottom of the Itox, 
Direct experiment showed that tbe force 
necessary to slide the panel upwards, when 
the full earth-thrust was exerted against it, 
was about equal to the normal component JE^ 
multiplied by the co-efficieut of friotioa 
/ = tan A, as has been hitherto assumed ; 
BO that, to get the resultant pressure on any 
wall, we must combine the value of £1^ 
found by aid of the following lable with 
£j tan tf>, which thus gives tbe direction of 
the pressure as iuclined below the normal 
to the wall at the angle 0. Tbe metiiod of 
experimenting was to fill in bebind tha 
movable panel, equilibrated as explainedi 
and kept temporarily at the same distance 
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Vfiom tlie fixed panel by a fastening ; then 

Fijie fosLeniug waa Biidctenly removed, and 

the earlb suddeuly exerted its thfust, s9 

that the eoinpressioi! of the spriuga fotlow- 

iDg waa double tliitt due to the co&sta&t 

tlirust of the earth. Calling half tbe torae 

I measured by the apringa £, on a. length :d, 

I and for tbe vertical projection of the area 

I jtresaed equal to h x d, we have, adtoitting 

1 tte law of the parabola (Art, 51), 

I = Kj eli'Xd, 

I wliere X, as before, is a co-efflcient of Con-' , 

I traction. The value of X was deteiiniuedj" 

[ ^s explained in Art. 57, by experimetftd ! 

L iHth the spring apparatus, to be, A = 0.i80'l 

1 ^7 - tan !)■ ' ' 

\ ) From tbeee formulte the vnliie of l^j was I 

tained. as given in the following talilfc. j 

Y multiplying K^ by see ^, we obtain tlie 

F<X>-eRlcient A' in the tm-mula for the totnl [ 

earth-thrust, E 3= Keh^, on a wall one foob'i 

long. I , I 

By taking the foot of tlie movable paBd ' 

W a centre of moments, we have tlw 

Vsioments of the forces i-eooi-ded by the- 
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springs equal to tbe moment of the double 
eartb-tbraat, from which the point of appli- 
cation of the latt«r can be readily found. 
Calling the fraction of the height from the 
base to tlic point of application of the earth- 
thrust c, we thus obtain the quantities in the 
column headed e in the next table. 

TABI.B No, 3. 
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-1 
-1 
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1 
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.383 


.487 


1 


/)3S 


1.223 

.ete 

.Offl 


.um 


Mi 


.147 
.031 


.188 
.04U 



61. It seemed to the writer that it would 
be of iuterest and value to use the areas of 
tlie bases of tiie piisms of rupture (Art. 54) 
to represent G in Fig. 3, Art. 3, and by 
the method indicated there to find E and 
E. = K,' when e = 1 and A = 1. 



m 



Tlie actual surfaces given in L^gue's 
tablo wc'i-e uued, and the cuDstractlons 
(^fTuutixl Oil bis dianings, using the chord 
of llie line of luitture as giving Hie arer^ 
direction of tlic cori-es ponding surfaces ot 
rupttiie. 

Tbu valuin tliua found of this normftl 
coin|K>iieiit, which is termed K^', ure gives 
in tlie tultle just to the right of the values 
of A', M given liy the spriug appai-atus for 
comiiuHson, and it will be obsei-ved that 
tlM^y are uuifoimly larger than the values of 
A',. To find the distance c" to the point 
of appliciitioii of the thrust K^' for h = 1, 
we have only to divide )ii of the table of 
Art. 57, iiy K^', aud the results are given 
In the following table. As it is of value in 
this connection, the same thing was done 
for niillel-seed, where tau (^ = J, ^ = 2(1" 
34' ; the momenta being taken from the table. 
Art. 57, and the thrusts ff,* being found lly 
taking the volumes of the prisms of rupture 
as given by experiment, and finding E, frotn 
the construction shown in Fig 3. 
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1 
1 
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a382 
.3»0 
.311 
.319 
.326 

.im 
.aas 

.355 

.3D1 
.440 
.450 


0.41)2 

.m 

.420 
.450 

.411) 
.4.W 




Aremge. . j 1367 


0.410 





Since the actual wedges of rupture, by 
experimeut, vai'}' as tiie squares of tbe 
lieigliU, c* should equal ooe third, fL'om 
which it does uot differ very greatly for sand. 
We should conclude from tbe value of c giveo 
by tti«' .ipparntus with springs, that tbe 
point of application of the thrust was oou- 
aiderably above the ^ A given by theory* 
lying generally between 0.4 and 0.5, which' 
last value it con never equal. But, taking I 



the tlirnsts due to the ftctoal wodges of 
ru|)tui'e, Ibe vulues are luoch nearer the 
tbeoretical. Neitber method is exact, since 
iu the first case, as the saod adraaced, it 
rubbed oa the bottom, ood thus biixlered 
llje advance there more than at the top; 
and, ill the second case, tiie wedge of roptare 
cannot act as an invariable aolid sliding 
dovn two planes at once as theory retiuires.* 
It can be said, thoi^b, in support of 
Leygiie'B values of /r, and c, that their 
product gives almost esnctly the value of 
m (Art. 57), determined in an eirtirdy dif- 
ferent raanner, and the results are of coarsa 
correct for a irall that baa slid about the 
average compression of the springs ; bat it 
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^possible that the initial tlinist befoi-e the 
ijft gives is sotnewhaX ditfei'ent. 
The average of c given by Leygue's 
spring apparatus for millet^seecl was 0.41 7. 
or less tlino for sand ; and he therefoi'e con- 
cluded that c approachcB its tbeoretieal viiliie 
as (^ dim inia ties. 

62. Influence of the Character of the 
Itetainittg -Wul!. — Wbon the n?taining- 
boartU were of glass, it waa found that, ou 
an average, 



= K018 



^= 1.02 and — = 1.033, 
A, ?« 



where c', A','* and m' refer to tlie quantities 
obtained with a glass wall, and c, A',, and m 
to the roughenefl wooden one. For the 
wood on sand, tan <!)' — 0.810, and for tin- 
gles, tan <p' s= O.iaS. 

'63. S'lrchdT^e uniformiy distribuM. — 
For the case of Art. 55, the following 
values were foimd with the apparatuses 
before used : — 
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O.OM 


0.0^. 


IXA 


0.440 


o.in 
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TIkL'se are much Lower valoeB tiian the tt^i- 
naiy theory of Ait. 50 would give, trl)icb» ' 
bowever, is hardly opplicaWe here. 

As A' varies betn«ea ftD<l h, we caH 
expL-eB8 the values of c, ZT,. aud m by the 
followiog empii;tcal fo*mul»: — 

c- = .(l + 0.035 |),;A7= ; ; 

k/i + 0.66 ^ ^ m' = w/"! -f- ttJ^ 

where c, ITt, and m refer to t' = 0. 

For A = A', the value of E given by the 
foimnla of Art. 50 is about double that fouad 
by experimeDt, and the centre of piessuie 
lies above iu tlie ratio of 1.333 to 1.035. 

ti4. Comparison with Theory. — la Um 
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following table are given the theoretical 
vaJnes, aide liy side with tboae obtained 
from actual experiineiit, for the angle that 
the plane of ruiitui-e makes with the bori- 
Eontal, ant] also the values of K and ■m. iu 
the formulas for the total thrust, E = E^ 
tec 4, >= Keli' = A' sec </. . elt' (Aits. 42 
and 51), and for the moment about the 
iimet toe of the wall, 3f = meh'. Tan a 
is reg&rde<l as minus when the wall is in- 
clined away from the earth, and plus when 
incHned towards the earth. 
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It will be observed that for i = 0, the 
values of the angles of rupture aa given b; 
exiwriiiient (average iocliuatioii of the 
cufvetl surface of rupture was taken) agree 
WL-ll with tlieory, as alao the values of m; 
Uiit for aurcharged walls the theoretical and 
aetual values dififer miiteiially, especially for 
km i = f, for which value for a leaning 
wall the theoretical Ihiiist is double the 
actual. Tbia baa been partly foreseen, sine* 
for tan i = f , the theoretical plane of rup- 
ture approaches iudelinitely the natural slope 
iu dii'ection, wliich calls for an infinitely 
great wedge of rupture. The theoretical 
thrust, however, does not differ materially 
from one corresponding to a plane of rup- 
ture lying much nearer tlie vertical, as baa 
been hitherto mentioned ; so that the differ- 
ence must be due to some olher cause, ia 
which cohesion, of course, playa some part. 
Whatever may l>e thought of the values 
of c and K^ obtained l)y the spring appa- 
ratus, thei-e can be no question about the 
accuracy of the value of Hi, which is of 
predominftting influence where overturning 
iConsideri.'d. 
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. Stability of ReCatning- Walls against 
Overturning. — To illustrate the use of 
Leygue'e constaots in testing tbe stability 
of a retaining- wall of height ft (Art. 51) by 
a ffrapldcal method, we fii'st compute the 
valaes E = Ej sec (f>' = A", ace (}>' eh* (put 
for 0' when 0' > i^) and eft from the 
assumed values e and k, and the values of 
the constants c and A', derived from the 
table (Art. 60) ; tbeu lay off to scale E 
from the inner face of tbe wall, at a vertical 
height equal to ch above the base, and 
infAiDg an angle below the normal to the 
inner face equal to i^' (or if 0' > 0) as in 
Fig. 3, and then combine this thrust with 
the weight of the wall TF, acting along the 
vertical through its ceutre of gravity, to 
find the resultant on the base. Its inter- 
section with the base gives the centre of 
pressure on the base ; and this point should 
at least lie within the middle thii-d of the 
base, for reasons given in Chap. I. The 
wall need not lie drawn for more than half 
its height ; and, if the drawing is made to, 
a large scale, the results are very a. 
This graphical method should always ■'( 
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• need in testing tbe results as given bjthe 
method of moments for stability agaiiut 
overturn iug. 

To illustrate the nse of the method of 
moments, let us consider a wall leaning 
towards tlie earth, tbe back making tbe 
angle a with the vertical, and suppose tbe 
base perpendicular to the back, and of 
thickness (. 

We way consider three forces as acting 
on the wall : tbe normal component E, 
acting at a height cIl above the base, or &[ 
a perpendicular distance ch eec a from the 
outer toe ; the friction E^ taa 0' (use ^ 
fp' when 0'><()) of the earth on the wall, 
acting downwards aloug tbe back of the 
wall at a distance t from the outer toe ; 
lastly, the weight W of the wall, i 
along the vertical through its centve'<o{ 
gravity, and at a horizontal distance g 
the outer toe. 

If we call CT the co-eiEcient of stability, 
or the factor by which it is necessary to 
multiply the normal component (leaving the 
friction at the back of the wall the sane) 
to cause tbe resultant on the base to pAW 



through the outer toe, we have, taking 
moments about the outer toe, 



J = Ej{<r ch sec a 

= K^fT c sec a e/i 

J =s tr meh" -~ Ej, 



-Ef 



since (Art, 51), A', c sec a 

= m and E, tan ^' = E^. 

The factor of safety, <r, was not made to 
increase the total friction at the back of 
the wall, because the usual causes which 
influence and increase the thrust are passing 
loads and raitis ; and the latter, in lubri- 
cating the surfaces of contact, would prob- 
ably cause the total thrust on the wall to 
approacli nearer the normal tiian before, 
80 that is not safe to consider the friction 
increased iu the same ratio as the normal 
thrust. 

The foi'mula gives m as the controlling 
constant in the right member. If we take 
this constant from tlie table iu Art. 37, 
where it was accurately found from experi- 
ments ou rotating retaining-boards, the 
reanlt should closely agree with the reality ; 



138 

for the term £^ is of minor importance, 
and in case Leygue's voloes of E,, and 
cousequently of E.^ = E, tan ^', are too 
small, the oaly effect is to add to the 
stabilit.y of the wull desigued by tbe above 
formula, and is tbereCore on tlie side of 
safety. 

From the above formula we can ascertala 
the factor of safety o- for a. given wall, or 
for a given stability find the tliickneas t 
(on expressing W and y as a fnnction of I), 
wlieu the other quaotities are assumed. 
For a- = 1 we have exact equilibrtuifi 
about the outer toe, supposing no criielu^ 
there. ' " 

For a given design to Rnd the diataacC w 
from the inner toe of the wall to the ceatM 
of pressure on the base, call 3' = horizoiltal' 
distance from the inner toe to the verlSelit 
through the centre of gravity of tlie wifll, 
and we have the eqoality of momenta, aH6ilt 
the centre of pressure, of W, E,, and J^ 
expressed as follows : — "" 



Wiu 



- g') = mek* ' 



from which w can be found, and the 



i centre | 



of pressure located. If u = 1 1, there will 
be no sti-ess at the inner toe (Art. 17), and 
for greater values of u the joint would tend 
to open. The wall can be designed by this 
formnla for any given value of tt expressed 
in terms of ( if preferred. 

66. Stubilityofa Belnifiing -Wail against 
hiding. — The simple test in this case is, 
that the resultant on the base of the wall 



aliall make, \ 
,Dgle 



«ith the normal to the base, 
s than the angle of friction 
between the wall and its foundation, — a 
condition that can always be satisfied by 
SUfBcieutly tilting up the base in front, 
'nhich safeguard should never be neglected, 
particularly for dock or river walls, which 
generally fail, if at all, by sliding. The 
angle of friction of masonry on wet clay is 
only about 18°. 

It is equally necessary to go down deep 
^oggb for a Arm foundation, or to drive 
piles, preferably in the direction of the 
resultant on the base. The foundation- 
course is generally made larger than the base 
of .the wall, to better distribute the pressure 
on file base. 



67. Diicuasion of Experiments on Re- 
taming -Walls. — In the rollowing table 
ia givi'D a r4au'm.4 at quantities relating to 
a numlicr of experimental retjiin in g- walla 
all at the limit of slubUity by actual cxpen- 

The t;arth-thrast againat tbe TarioDB 
walla has been computed hy three diffevi^ 
methcHis : — 

lat, By theory (Chaps. 11. and III.). 

2d, By UHing the thru9t resuitiag from 
tbe actual wedge of rupture for soud b* 
given in Art, 61, using value iT,*. lA 
both these cases the point of applicstioa 
was taken at one-third height of wall from 
the base. 

3d. By Leygue's method, using tbe oon- 
stants K, and c for sand (0 = 33° 4J'), 
given in Art. 60. 

From the insufflciency of oar experi- 
nental data for all toaterinls, varying iB 
their angle of repose within practical limit!, 
the same constants had to be used, by the 
second and third methods, for varying 
values of 4> (when between 33" and 40"), 
which strictly apply only to ^ = 33' 4ifi - 
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qftT Iffcvlty we (lenoCe by, — 
A the belgbt of tite wall In fed 
( its thickness at tbe base, 
e the weight per cubic loot of eutV ' 
tD the weight per cubit? foot of wail, 
a the aikgle tb» inaer fac* ot the y, 
with, the vettieal counted j 



i tbe angle wfth tbe horiKHital of the I(^ aiK- 

[ace of Che backiiig, 
4 tlie angle of repose of tbe backing, 
f the angle of friction of eartli on waJI, 
q the ratio af tfte distance from tbs centre of 

pressure on the base of the wall to the outer 

too, to tbe thickDesi t. using tirat netlioil 

above (theory), 
g' ditto, using second method, or actual weclg& 

of niptnre (ft>r sanit) method, 
9" ditto, usiog Lefgue's, or tbe Ukird matbod. 

The walls mere all of Mniform croavsectton. 
eseept Nos. 8. 9, and 10. Walls 1, 3, 4, S, 0, JO, were 
of wood with sand backing, eicept the first whldl 
hadshtnglcbacking-LJeuit, Hope's wall. No. 2, wa« 
of bricks, witttordinaryearthforbacking. Curle'L 
wall, No. 7, was in Portland, cement backed hy 
damp sand; but Nm. 8, d, and 10 were pecultar 
r triangidar fmmes, whose inner faces made the 
agles 270 go' and 35* with the vertical (aee 
"Fousste des Terras," Paris, tSXO, and 
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"Trois notes" in 1873), In No. 8 the face esaPtly 
coincided with the " limiting plane" (Arts. 28 and 
41), and in Nos. tt and lU was Iwlow it; so that tbe 
thrust for No. 8 was found as usual, tlie valueE of 
C K\, and Ki being ialerpolated from the tables. 
But lor N09. 9 and 10 the thrust was first found 
on ttie llmiUitg planes, respectively 27° 30' and 
28° IS' to the left of the vertical, whieh was ihen 
combined with tte wagUt of earth and frame to 
Che left, aMuming the thrust on the limiting plane 
to make an angle ^ with, the normal, as tlieorj 
demands. 

In wall S"o. 7 tbe aur(*ftrge extended entirely 
over the top of the wall to a height at 4.2<! feet, 
aad was th«n level. The values of q' and q" were 
not found for this wall, since ^ = -l.'i* was so much 
greater than 33" 42', to which q' and if refer. In 
wall No. 1 the earth did not reach the top of the 
wall by 0.25 fecL Gen. Fasiey's wait was omitted 
from this list, as possibly the bate was imperfect, 
since the theoretical force necessary to apply at 
the top to oTcrtum it was to tbe actual as 20.Q ta 
17.53. The value of q, however, was found to be 
+ 0,13, and of g' + .08, for ft = 2.17 feet, ( - 0.67 
feel — = 1.06, e = i = 0°, and * = / = 39=. The 

values of q, q'-, and q" were fonnd for some stable 
walla, not quite at the limit of stability, to be 
positive as they skauld be. All of tbe valties of 
/(, given in tJie third colitnui of the table, are 
eiittply averages of several values found by the 
experlmentera under the aame coudilious. 



It Is Btst«d by Ptamant, tlut a reUitiiIiip^n8 
luaile of a vi^ry light, eniply wooden box, of a 
widlli aligtitiy greater titan the height, and 
hindered flxim aUding by « smuH obatacle placed 
at the exterioredge, wtiieli did uot interfere witli 
rotation, wtts jnst able to support the Uiniat of 
sand, filled In to the height of the box. This ex- 
periment has anbrdcd grouud forlngenFous speca- 
lation, but 19 perfectty explained if we tabe tUe 
co-efflcient of friction of sand on the side of Um 
box at about one-third. The experimmt should 
Lave been completed by aacertflining the value oE 
this co-etKctent. 



Au iuspeclion of the average values of 
q, </ aurt q" in the table shows that they 
are veiy near zero, eseei>t for walls IcADing 
towards the eortlii where '■' tlieory " diverge* 
greatly froai the reality. For veiiical walls, 
with earth level at lopy either method gives 
practically the aaiiie reaulta wheo ^ is near 
33° 42', to witicb the exijerimeutal ooDStauta 
alone apply. We can then use, with coiv- 
Mence, either metliod. It is likewise seen 
from experiments 11 to 14 on leaning, walls 
that theoiy fails here, hut that t/ and y" 
are practically the same ; bo that either the 
second or third methods can be uaed. lU 




U5 



was an agreeable surprise to find that the 
second method gave as good results as the 
third throughout. Aa it is a very simple 
thiug to find by experiment with any earth, 
the actual wedge of rupture, the practical 
value of this disflovery is evident, as it can 
then be used, aa explained in the preceding 
diaptei-s, to evaluate the thrust. 

It is a little disappointing that the third 
method, using Lejgue's constants, does not 
agree more exactly with his experimental 
ret-aining- walls. To point out tlie discrep- 
ancies more fully, the values of /*, for the 
assumed ( = 0.1 foot, were computed by 
Iveygue's method (third), and by theory(fir9t 
method), and compared with the average 
value given by his exjierinients. To judge 
from these experiments on the very small 
ciodeJ walls, we should naturally infer that 
Leygue's method gave the thrust too small 
for vertical waits, and too great for walls 
leaning at an iucliuation of ^ ; but, doubtless, 
tliese discrepancies will disappear when 
larger walls are used. In fact, for a 
peculiar triangular wall 6.6 feet high, com- 
posed of rabble in a thin mask of wood 





with thin counterforts, bia theory applied 
vei7 well ; the wall, however, breaking aboTC 
the base until a wooden base was attached, 
When it moved over in one piece. 

Table No, 8. 


w 


Kd, 


-r- 


"^M^P.^'- 


K.p.Y™,„. 


BytWy. 


5 
6 
11 
12 
IS 
14 


Fuel. 
0.1 

0.1 
0.1 
0.1 
0.1 
0.1 


a44S 
.321 

.755 
.4>t2 
1.230 
.692 


0.387 
.285 
.755 

.478 
1.310 
.738 


0.438 
.308 
.089 
.871 
.081 
.4S6 


h 


Experimente 6 and 7 (see previous table), 
for a surcharged vertical rfall, the earth 
sloping at the angle of repose, would seem 
to indicate that theory was verified to spite 
of the fact that the constants by Leygne are 
A', = 0.137 and m = 0.065, whereas by 
theory ff, = 0.346, and m = 0.115, for ^ 
la 83'' 42' ; but this apparent verification fai 
to an extent accidental, and resulting from 
the special relations of a- and ( for these 
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cases. If we nssnrae that the masoury 
weiglis one-fourth more than the eai-th, na 
in a following article, then for o- = 3 and 
& = 1 we find by the formula of Art. 65 
thatt = 0.58 by theory, but only 0.49 by 
Leygue's method for the surfaee sloping at 
the angle of repose. For ihe surface slop- 
ing at j, theory gives ( =^ 0.45, and Leygue 
0.424; and for eitrlli itVL'l at top, theory 
gives I = 0.367, and Leygue ( = 0.343. 

This showa that Uieorj' agrees fairly well 
with experiment for gentle slopes, but for 
the surface sloping at the angle of repose 
it gives too large values. It is not a little 
remarkable that with the values of S\^ and 
above all of wi, differing so much from those 
of Leygue, for this case, that the computed 
values of ( should agree so closely by the 
two methods. 

Perhaps future experiments, with higher 
BDrcharges, may cause the diflference to dis- 
appear entirely. 

The above are undoubtedly the most 
valuable experiments we have, as they refer 
to walls in the ordinary conditions of their j 
employment in practice, and should be caxe-M 
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68. General Formula for Stability of 
Retaining -Walls against Overtttming. — 
Let Fig. 12 represent a. wall ABCD, wboee 
leQgtfa perpendicular to the plane of the 
paper is unity, and wboee exterior and 




interior faces and diagonal ^Cmalce-JI 
with the vertical equal to ^, a, and a 
spectively. Let W denote the weight ot 
the wall, and g the horizontal distance from 
its lioe of action to the outer toe A; i 
call <r the factor by which it ia neceaaaiyto 



r 
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multiply tbe normal thnist K^e7i\ leaving 
the friction fK^ek' at the back of the wall 
constant, in order that the resultant on the 
base may pass through the outer toe. Here 
/ = tan <()', and the quantities A, (, e, w, i, (f> 
and if>' have the meanings given in the pre- 
ceding article. 
Talcing moments around A, we have, 

Wg + fKieli^ . ( cos a = 

a- K,eh^ {ck sec a + t sin a). 

We find also, { = h (tan «j - tan a) ; 
and since the moment Wg is the sum of the 
momenta of the triangular pt'ism ADI, and 
the rectangular prism JDGE, minus the 
moment of the triangular prism BCE, all of 
the same density w, we readily iind it to 
equal, 

r^ tan y3 . ^ A tau ;8 + - (tan' oi - tan'^) 
— — tan a h (tan w — - tan a) no ; 



3 tan to tan a + tan° a — tan'y3) . 



Oheerving that m = K, c «c a, on eoix^ 
tutixig these rallies, a&d resolving irttb 
respect to tan m, ne find, 
tan'o + 



I 



tan«.r2-i',(/cosa-o- 
-r<Tm -|-jr,taaa{/o 



-)- 



- <T sin a) 
1 — tan' g 



It will be observed that c does not appeal 
in this formula.. Tbis formula equally 
applies when the iuDer face of tlie wttU 
leans away from the earth, or B falls to the 
right of jG, on simply replacuig sin a and 
tan a by (— siu a) aacl (— tan a) tbronglh 
out. As tliis formula is independent of &j 
it is true for all values of h. 

69. Tlie rracticol Designing of Setaini«{t- 
Walls. — By the use of various fonnnlas, 
the qnautities iu tbe following table were 
made out by Leygue, using the values of M 
and K^ given in Arts. 57 and GO from hia 
experiments, and assumtug the valnes 



i = ^ and / = 



tan 4 
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The value a in columns 5, 7, and G gives 
the ratio of tbickaesa t at base to the'beight 
ft for (T = 1, o- = 3, and tbe centre of 
pressure on the base at ttie outer middle 
third limit (column CJ) correaixin cling to no 
stress at B ; and tbe 11th column gives tbe 
oon-esponding factor of safety for the latter 
oase, which, it may he observed, lies between 
1.19 and 3.57, and thus varies between such 
wide limits as to prove that the middle third 
limit is not so good a teat of the stability of 
the wall as the use of a constant factor 
of safety a-. 

Wbile, therefore, it is recomraencled that 
this limit be not exceeded, it is likewise 
recommended that the factor of safety tr be 
not taken below say 2.5, which about 
threes with practice for rectangular wal 
(type 4). 
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The columns 8, 0, and 10 give tbe areita 

I o[ tbe croaa sectioos of the walla for ir = It 

ff= 3, and the middle third limit (CJ); and 

i by an attentive study of these areas 

that the most economical type of wsll 

for anj' case ctm bo found. For o- lying 

I between 2 and 3, the types are woet 

I economical in tbe followiug order ; — 

KoB. 6 and 5, leaning walls having parallel 

3, with the exterior face battei«d, MA 
the inner face vertical ; 
t No. 1, both faces battered ; 
I No. 4, both faces vertical ; 
r and lastly No. 2, with the interior face bat- 
I tered, and the exterior face vertical. 

Tims the leaning walls are decidedly the 

I most economical; and. besides, the presa- 

I tires are better distributed on the base. 

' The formula does not apply to type No. I 

f or o- = 1 as ^ > 10, but the surfaces for 

r 5= 1 were made out for a triangular type, 

having an interior batter of |, and the angle 

I fi as found by computation. 

70. For walla with projections at intervals 
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OH the exterior or interior, or for buUreseed 
or counterfurted walls, tbeory does not eliow 
any economy over tlie leaning walla (types 
5 and 6). In fact, for face-walla at the 
limit of stability, es'-ept for the buttreaseB, 
and for a factor of srifety of the entire wall 
ineluding butti-eseus, about a line passing 
through the outer tor^ of the buttresses of 




from 2 to 3, the 
equal to those for t> 
a mean of columi 
shows a good form 
the face in the form 
theeartbside; but tin 
ogftinst tbem. For 
lateral pressure of 
sides causes friction 



iirfaces S were about 
<•<■ 5, coiresponding to 
. 8 and 10. Fig. 13 
I buttressed wall, with 
I if arches convex from 
■ii-hiilcousuess militatea 
ounterforted walls, the 
Hie earth against the 
and if (see Art. 56) 
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wt Mlmtt ttist tbe thrtat on the fiice-wafl la 
dlmtnistaed ^, and that the excess is sus- 
tained Ihrouwh the friction by the connter- 
forts, a com()matiou shows that still the 
count erf orteti walls are no more economical 
than type 3 irith the back rerticat and an 
•Xtt^riur tuiCtt^r. It b likelr tbnt the thmst 
la 1ms tli.tu assumtMl, as experiment has 
deinoiiJitraltHl the very great economy of 
ConnttTfortL-d walls. But it is a fact that in 
Humorous i>Ksr9 the counterforts have been 
broken off from the face-wall, possibly frotil 
bein;; carried down, through a bad founda- 
tion, by tbe settling of the earth, as w^as 
from the earth-thrust ; and they are not to be 
rttxjm mended, except as a support to tean- 
iug walla, during conatmction especially. 
To push economy to an extreme, a tfaiDt 
loautn)]; face-wall or mask is used, witta 
counterforts at intervals, whose back facfee 
aro plumb : tbe siiace bctweeo being fflled 
with earth well compacted, or with roo^ 
atones laid bv hand. It is foaud that soeb 
a wall has nearly tlie same stability as if the 
impacted earth or nibble was a part of the 
il (see " Aunales des Fonts et Chaussto" 
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for November, 1885, and January, 1887, for 
descriptions of sueli walls constructed in 
France) . Lejgue actually constructed some 
Binall triangular counterforts in plaster, witb 
at^ exterior slope of ^, without any face- 
wall, which held the earth. perfectly. The 
height was 1.31 feet, the base 0.66 feet, and 
the thickness only 0.08 feet; the distances 
hetween the counterforts being from 0.33 
to 0.49 feet, the inteivala between being 
filled, with plaster thi'own in without especial 
precautious. The earth extended to the top 
of the counterforts, and with a surchai'ge 
besides. 

In the case of veiy high walla, it would 
prove economical to connect the counter- 
forts at various heights with arches (these 
could easily be constructed with an earth 
Gsntring), which would immobilize a lai^e 
portion of the earth filling, and tend to 
withdraw the active thrust farther to the 
rear. The apace between the arches and 
counterforts should be entirely fiHed with 
compacted earth, to add to the stability. 

71. We have now completed our task of 
giving complete theoretical aud semi-em piri- 
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cal methods for the design of retaining- 
walls, iiDcl have discussed all svailable 
experimeuta by the different methods, and 
compared results, so that the engiaeer can 
better ajiprediute tbeir practical value in the 
practical designing of retainmg- walls. We 
have found that although theory gave good 
results for vertical walls with earth level at 
the top, yet for many of the other cases it 
dejiartcd essentially from practice ; so that 
for all cases the two semi-em pi lical methods 
are to be recommended as giving the best 
results, supplemented when necessary for 
various values of <f> by the theoretical 
method. 

From preceding discussions, the engineer 
will doubtless draw some analogy between 
the theory of long columns and that of 
retaining- walls, from their inapplicability in 
certain limiting cases ; and as in the case 
of columns the engineer has come finally 
to deiwnd entirely on experiments, the BRme 
may be eonfidently predicted of retainmg- 

The experiments given in this treatise 
■"Wt be regarded, then, as only the flnrt 
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instalinent on small-sized walls; and it is 
to be hoped that in the future the experi- 
ments will be extended to larger walls, and 
higher surcharges, and that by independent 
methods of observation the amount of the 
earth-thrust, as well as its point of applica- 
tion, will be more definitely ascertained. 
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I by no means agreed upon 
the proper profile to give high-moBonry dams, 
altboagb the three conditions, that there shall be 
no tension al any horizontal joint, safe unit stresses 
everywhere, and, no possible sliding along any plane 
Joint, seem to be generally accepted 89 essential 
to a good design. 

The writer suggests one more condition, that 
the factors of safety against overturning aimvl any 
joint on Ike outer face shall Increase gradually as 
vx proceed upwards from the base, to allow lor 
the proportiouately greater influence, on the 
higher joints, of the efiects of wind and wave 
action, ice, floating bodies, dynamite, or other 
accidental forces. The exact amount of increase 
must be largely a matter of judgment; but, if 
the principle is accepted, it can only result i) 
making stronger dams. 



TtM ■ocompsDTing AtiA of ft dia 3S6 kid 
higfa to the mrboe of water (mc alao •" 
nwri&g Xews " for Jime 291, 1B88) SKlidc 




four conditions named, and will be bi 
ilMoribed. The dam is of tbe same total betgkt 
('205 feet) Mid volume (nearly) as the propoWd 
(j (I nher- Bridge dam, and, for ease of compsrt 
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B designed, as was that dam, for inEisoiiry 
weighing 2^ times aa much as nater. The dant 
ifl 34 feet wide at top, 3S feet wide 50 feet below 
Ihe Bnriaceof water (7 feet below the top), and 
196.1 feet wide at the base. The up-Htream 
face is vertical for the first 57 feet from the 
top, and then batters at the rate of 30 feet in 
300 to the base. The outer face slopes uniform- 
ly from tlie top to 50 feet beiow the water 
surface, and then slopes uniformly to the base. 

The curves of pressure for reservoir, full or 
empty (the liues connecting the ceatrea of 
pressure on the different horixonCal joints are 
here styled the curves of preasure), are found as 
hitberh) explained, and are seen to lie well 
within tlie middle third of the base, so that the 
bacizontsl joints under the static pi-essure are 
only Bubjected to eorapression throughout their 
whole extent. Further, it was found by eon- 
Btruotioo, that if a horizontal force be assumed 
M acting at the surface of water, of su^ inten- 
ittj (2!l,375 pounds) as to cause tlie total re- 
sultant, on the joint 50 feet below the water 
level, to cut the joint one-third of its width 
from the outer face; then if this same force, 
HOtiBg at the fiurfaoe o£ water, a combined ii 
tiira with each of the other resultants o 
lower horizontal jc^nta, the new centres of preaq- 
iira will still lie well within the middle third 



for the lower joliits.'^ To secnre unifoimity of 

resnlts for all the joints, the widtli at the i) 
feet level should ba increased, althongh it i* 
now much greater than ordiimrily construetedi 
If, hon-erer, the elfects of earthquake vibrationi 
e to be guarded Bgainst, vk cannot re^ace 
B'tbem bj the action of a single force aoting^ fit 
fti^le surface, so that the increased width of Ute 
dipper joints must be largely a matter of judg' 
'"(ent. 
, The numbers to the right of the figure, in tlie 
1 of a fractiun, give for the correspondiiqf 
joints, for the upper nuiubers, the factor against 
overturning, or the factor by which it in neces- 
sary to multiply the static horizontal thrust of 
the water to cause the total resultant to pMS 
I tiiTough the outer edge of the joint considered; 
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and for the lover numbers, the ratio of the 
wraght of masonry above a joint to the static 
thrust of water agaiast it ; which is, in a certain 
sense, a factor of safety agaiii^tt sliding on a 
horLwDtal joiiit. These factors are seen to 
inerease from the base upwards, so that the 
SDggeated fourth condition is satisfied. 

The unit stresses, in pounds per square foot, 
at the outer edges of the joints tor reservoir 
full, and at the inner edges for reservoir empty, 
are given in columns i and 5 of the follow- 
mg table, being computed from tlie formula 
,= (4-l;')!f.tCbap,I. 



- Deplh of 

1. 
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U»onn- 


ouleredga. 
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s.seo 

13,«0 
271330 

as 


io,«o 

18.130 

Si'.lSO 
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The nitmbera of columns 2 and 8 for one foot 
in length of the wall are expressed in weights 
of cubic feet of water, and must be multiplied 
by 62.5 to reduce to pounds. 



init pressures, although neoesaatilf iagi. 
B still permissible. By spreading the lover 
irt of the dam still mare, these aait sOtm* 
nuid be theoretically ilimintsbed, tboogh it is 
liely Ihat iu reality tlie preasnree at Uiepoutioiia 
li of Uie uld toes would not be verj materially 
altered ; but the maaoury being eiuTomided vith 
other maBoiiry oould, most probably, Btsfid a 
liiglier pressure. 

The Ho-cailed factors against overtumiog u« 
not true ones, for a computation shows thMtif 
tbe water pressure down to tlie joints 30, 100, 
and 100 feet below the surfaoe should become 
li, 1}, Ij times the original, raspectivelj, tiiU 
tetiaion would just begin to be exerted at tba 
iiiiiur face. Tliis would ha[^a for lower joint* 
for liiruatB about Ij to IJ tiiuas the arigisal' 
It, fi'om any cause, as accidental forces at tbe 
top, earthquakes, etc., the thrusts should ^ 
increased over these amounts, causing t«Qeton 
At the inner e<^es beyond the capacity of the 
mortar to withstand, the joints would crack and 
open, water would get in, diminishing tbe weight 
of the masonry materially, the ceutrea of press- 
ure would move outwards, and the nuit pregsuMS 
at the outer toes would very much increase, 
leading perhaps ultimately to the destruotion 
of the dam through sliding, overturning, or 
crushing at the down-stream face. 
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We shall now consider the capacity of resiatr 
Hice of the dam to aliding along any oblique joinl 
as AKA Let AB represent, in magnitude and 
direction, the resultant of the water pressure 
and weight of masonry on the horizontal joint 
AH, and let the vertical AD repreaent the 
wrigfat of the triangular mass A HK, all for one 
foot in length of the wall. Draw DN X AK 
and BN\\AK to intersection N; then DN = 
component of BD normal to plane AK, and 
DN X tan p (where tan i = co-efficient of 
friction of masonry oit masonry) is the total 
friction that can be exerted by the plane AK. 
If we lay off angle NDE - i> (taken as 35° 
here) to intersection E with the parallel com- 
ponent BN, we have DN tan « = EN, bo that 
BE must be resisted by cohesion ; and the uuit- 
abearing stress along the plane AK = ^^. 

If, now, wa produce KE on to intersection C, 
with AB produced, we have the niiit shear rep- 
re|(ented by ——, which is a maximum, for 

various planes passing through A, when C is 
f &rthest removed from B. 

On effecting this construction, then, for a 
series of planes passing through A, we quickly 



h or Oie pbitf of 
■n k TMj liUil 
c ioT ■ anea oC fiwm Ivtbg near each 
«dMr}'. and tk ifaear per aqaftn feet reqaind 
to MM* «liiiB^ IB aniriitinn W Ui« fridiaMl 
WM^miK, to ke abavt tnnaty wi-en hiioiM 
—ttt^ f i M h, TeaCsrOe gmiMtHiifr 
MM to «&£■«, then AoaU be no ngnJat 
wiM. and a* BtaMB *Mdd fanik joBl 
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W appmamatiSty ms9«J to ttkt £ao«. F«t a 
■i<iiai^^ will of itj rabUe, cuelesslj laid, m 
«H ttnt l^cn 11 «««; probalulilj of failore b; 

f^^lf aliyy Moe mclioed plaue^ H^re tlu 
■liMMB Mil be eeiefoll; interlocked ta pceveai 
Adnag. Fw Um reseirwr-wall, vbera tfae bwt 
niinrwt ia maed, aad Uh jMsto are brolcMi, there 
tlmild be DO fear of sliding »hen suffideitt 
tiuckiMBS M given to avoid tension. In tbe 
Habis dam, a hnndred and sixteen feet high, 
this was not done; and tbe dam brake alalia 
plane, passing through the oater toe nearly, and 
makiug the angle of friction 9 of maaonrj ou 
masonrj with the horiiODtal. 
It is well to note, too. that friction alone will 
prevent sliding along planes inclined not 
ttom the horizontal as well as thoae below. 
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80 that a proper resistance to shear iniist be 
provided for in every dam. Possibly the weak 
point of many dams is in this very particular. 

The capacity of the dam in question to resist 
rotation about the toe of an inclined base may 
next be tried, and it will be found to be stable f 
for the weight of masonry, as well as its arm, 
increases to counterbalance the increase of arm 
of the water-thrust. The dam thus satisfies all 
the conditions of stability ; and, although some 
of its dimensions may be changed with advantage 
perhaps, it yet suffices very well to point out the 
principles of design. 



